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Abstract 



The KPII equation is an integrable nonlinear PDE in 2+1 dimensions (two 
spatial and one temporal), which arises in several physical circumstances, in- 
, eluding fluid mechanics where it describes waves in shallow water. It provides 

a multidimensional generalisation of the renowned KdV equation. In this 
work, we employ a novel approach recently introduced by one of the authors 
in connection with the Davey-Stewartson equation [T], in order to analyse the 
' initial-boundary value problem for the KPII equation formulated on the half- 

^ I plane. The analysis makes crucial use of the so-called d-bar formalism, as well 

as of the so-called global relation. A novel feature of boundary as opposed 
to initial- value problems in 2+1 is that the d-bar formalism now involves a 
function in the complex plane which is discontinuous across the real axis. 



• 1 Introduction 



The Kadomtscv-Pctviashvili (KP) equation 

qt + 6qqx + qxxx + 3ad^^qyy ^0, cr = ±1, (1.1) 



$H ' with the operator d,^ ^ defined by 



is one of the most notable integrable nonlinear equations in 2+1 dimensions (i.e. 
evolution equations in two spatial dimensions). It is the natural generalisation of 
the celebrated Korteweg-de Vries (KdV) equation from one to two spatial dimen- 
sions and, as such, it appears in various physical problems. In particular, it was 
first derived in the study of waves of long wavelength in shallow water. In this 
specific application, if the surface tension dominates over the gravitational force, 
then CT = — 1 and equation p.ip is called KPI [5] , whereas if the gravitational force 
is dominant, then a = 1 and equation (|l.ip is called KPII [3]. 

The initial- value problem for the KdV equation was solved via the so-called In- 
verse Scattering transform (1ST) in 1967 [1]; KPI and KPII equations were formally 
solved in [2] and [3] respectively, using a nonlocal Riemann-Hilbert formalism and 
a d-bar formalism respectively (see also [S], [5], [7] [5]). The solution of initial- 
boundary value (IBV) problems is considerably more complicated than the solution 
of pure initial-value problems. A unified transform method for solving linear and 
integrable nonlinear evolution PDEs in one spatial dimension was introduced in [5] . 
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In particular, interesting results for the linearised version of the KdV and for the 
KdV itself formulated on the half- line are presented in [TU] , [H] , [H] and [T^ . The 
generalisation of these results from one to two spatial dimensions for linear and for 
integrable nonlinear equations is presented in |10] and [T] respectively. 

Here, we employ the general methodology of [1] in order to analyse the KPII on 
the half-plane. It has been emphasised by one of the authors that the solution of 
the linearised version of a given nonlinear PDE via a Lax pair approach provides a 
useful starting point before analysing the nonlinear PDE itself. Hence, we will first 
solve the linearised version of the KPII equation on the half-plane, 

qt + Qxxx + Sd^j^^qyy ^ 0, {x,y,t)e^l, (1.2) 

where 

n := {-oo < a; < oo, < y < oo, t > 0}, (1.3) 
before analysing the KPII equation, 

qt+Qqqx + qxxx + ^d~^qyy = 0, {x,y,t)£n. (1.4) 

Our approach to both problems involves the following steps: 

1. The formulation of the PDE in terms of a Lax pair. For the spectral variable 
k = kfi + iki, kn, ki £ M, and for some sectionally analytic function fi = 
IJ,{x,y,t,kfi,kj), the linearised KP equation (|1.2p admits the Lax pair: 



fJ-y - fJ-xx - 2ikfi.^ = q, (1.5a) 

-I- A^jixxx + I2ikfixx - I2k'^fix = -3 {qx + 2ikq + d^^qy) . (1.5b) 
Similarly, the KPII equation (|1.4p possesses the Lax pair: 

My - fJ-xx - 2ikfix = qfJ-, (1.6a) 

+ + I2ik^ixx - 12A;^Mx = F^x, (1.6b) 

where the operator F is defined by 

F{x, y, t, k) = -6<7 (a. +ik)-i (g, + d~^qy) . (1.7) 



The direct problem. By applying a Fourier transform in x, it is possible to 
analyse the two equations defining the Lax pair simultaneously in order to 
obtain an expression for jj, which is bounded for all A: G C. It turns out that 
has different representations in different parts of the complex fc-plane, namely 



fjL{x,y,t,kR,ki) = < 



H'^{x,y,t,kji,ki), 


kei, 


^f{x,y,t,kR,ki), 


k e II, 


H^{x,y,t,kR,ki), 


k e ///, 


. lJ'2i^^y't,kR,ki), 


k e IV, 



(1.8) 



where / — IV denote the four quadrants of the complex /c-plane. 

The above expression for /i^2 depends on q{x,y,t), q{x,0,t) and qy{x,0,t). 
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The derivation of the global relation. This relation is an algebraic equation 
coupling the so-called spectral functions. For the linearised KP these functions 
are appropriate transforms of 

qo{x,y) = q{x,y,Q), g{x,t) ^ q{x,0,t), h{x,t) = qy{x,0,t); (1.9) 
namely, the global relation couples q, qo, gx and hx, where 

/oo />oo 
dx / dye-'^'''~'^'yq{x,y,t), (1.10a) 
-oo Jo 

/oo /'OO 
dx / dye-'''''-'''-'yqo{x,y), (1.10b) 
-oo Jo 

/oo j-T 
dx / dre-*'^-i-+'^W^g(x,T), (1.10c) 
-oo Jo 
^oo j-T 

hT{ki,k2)=^ dx dre-*'''i^+'*^('=)^/i(a;,r), fci £ M, Imfca < 



oo Jo 



(l.lOd) 



1.2 

uj(k) := ~ikf + 3i-r-. (1.11) 
fci 



and 



For the KPII, the spectral functions can also be expressed in terms of (|1.9p 
via linear integral equations. 

4. The inverse problem. By using the fact that the function fi defined in step 2 
is bounded for all fc g C, it is possible to obtain an alternative representation 
for this function using a d-bar formalism (or more precisely the so-called 
Pompeiu's formula). In order to achieve this, it is necessary to: (a) compute 
dfi/dk, (b) compute the jumps of across the real and imaginary k-axes; 
actually the jump across the imaginary fc-axis vanishes. For the linearised 
KP, dfi/dk and (/if 2 ~ IH2) can be expressed in terms of go, ffT and hr- 
Then, using Pompeiu's formula, it is possible to express /i in terms of go, gx 
and Ht- In the nonlinear case, the d-bar derivatives and the jumps can be 
expressed in terms of the spectral functions. In summary, /t can be expressed 
via the spectral functions and hence via qoj 9 and h. After obtaining fi it is 
straightforward to obtain a formula for q. 

Notations and Assumptions 

• The complex variable k is defined as 

k = ku + ikj, kii, kj € R. 

• A bar on top of a complex variable will denote the complex conjugate of this 
variable; in particular, k — kji — ikj. 

• For the solution of the inverse problem we will make use of the so-called 
Pompeiu's formula: if f{x, y) is a smooth function in some piece-wise smooth 
domain T> C M.^, then / is related to its value on the boundary of T> and to 
its d-bar derivative inside V via the equation 

(1.12) 

where 

dC A rfC = -2id^dri. 



3 



• We will denote the initial value by 

q{x,y,0) ^ qo{x,y), (1.13a) 
and the boundary values q{x, 0, t) and qy{x, 0, t) by 

q{x,0,t) = g{x,t) (1.13b) 

and 

qy{x,Q,t) ^h{x,t). (1.13c) 

We will assume that go G S(R x M"''), where S denotes the spaee of Schwartz 
functions. 

• We will seek a solution which decays as y — > oo for all fixed (z, t) and which 
also decays as \x\ — > oo for all fixed (?/,t). 

• Throughout this paper we will assume that there exists a solution g(x, y, t) 
with sufficient smoothness and decay in f2, which denotes the closure of the 
domain 17. 

• A hat "A" above a function will denote the Fourier transform of this function 
in the variable x. 

• The index "o" on a function will denote evaluation at < = 0. 

• Whenever we write q, we mean that q depends on the physical variables 
{x,y,t). 

• Whenever we write ^, we mean that depends on the physical variables 
(x, y, t) and on the spectral variables fc^, fc/ £ M. 

2 The linearised KP equation 

We consider the linearised KP equation (|1.2[) with the associated Lax pair (jl.Sp . 
Differentiating equation (|1.5a|) with respect to t and equation p.5bp with respect 
to y, we find: 

^^yt - ^^xxt - ^ikfioot = qt 

and 

Mty ~l" ^l^^xxxy + ^'^'ik^xxy ~ 12A: ^xy — 3 (^qxy + Hkqy + qyy) ■ 

The requirement /ity = /iyt implies equation (|1.2[) . thus (jl.5|) is indeed a Lax pair 
for equation (|1.2p . 

2.1 The direct problem 

Proposition 2.1. Assume that there exists a solution q{x,y,t), {x,y,t) S Q, to an 
initial-boundary value problem for equation (|1.2[) . Then, there exists a solution fj. 
of the Lax pair (jl.Sp which is bounded Vfc G C. This solution can be represented in 
the form 



fi{x,y,t,kR,ki) = < 





kR 


< 0, 


ki 


>o, 


^i^{x,y,t,kR,ki), 

< 


kR 


<o, 


ki 


<o, 


^j,2(x,y,t,kR,ki), 


kR 


> 0, 


ki 


<o, 


. lJ-t{x,y,t,kR,ki), 


kR 


>o, 


ki 


>o, 



(2.1) 
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(see fiaure \2.1\) . where 11^2 ^0?^ be expressed in terms of {q{x,y,t),g{x,t)^h{x,t)} 
by the following formulae: 



± 1 



00 ry 



2kn ' J -00 JO 
/"oo \/'oo (ft} 



+ — y I dl+ I dl]l dC 



2^ 



dl+ I dl] I di I d77e-"«-"^+'''+''=^(''-^^g(e,7),i) 

«(5-2!)-i(i+2fc)B-4iI(I^+3fei+3fe^)(T-t)Q^^ r it Z) 

/ / d77e-"'«~"'+'''+2'='(''-^'g(e,77,t), (2.2) 



— 00 1/ — 2fcjj / >/ —00 

2fcrj roo roo 



00 J y 



and 



2n 



1 

+ 2^ 



00 \ POO 



dl+ I dl) I d77e-"(«-^'+'™(''-^'g(^,7?,t) 

roo 

/ d,7e-"«-^'+'('+^*=)(''-^)g(^,7?,t), 



dl+jdl)l di{ +^'='+^'=-)(^-*'g(C,r,fc,0 



oc /-oc 



where 



Q{x, i, fc, /) = —3 



i{l + 2k)g{x,t) + d^^h{x,t) 



(2.3) 



(2.4) 



and the functions g and h are defined by equations ()1.13bp and (|1.13cp . 



Figure 2.1: The function /x in the four quadrants of the eomplex fc-plane. 



Proof Let fi denote the Fourier transform of /i with respect to x, i.e. 

/oo 
dxe~^''^li{x,y,t,kf(,ki), I eM, k E C, 
-00 

with the inverse Fourier transform given by 

fj.{x,y,t,kii,ki) = — dle'^''fi{l,y,t,kR,ki), keC. 
Then, the Fourier transform of equation (|1.5ap gives: 



(2.5a) 



(2.5b) 
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Wc solve this equation by integrating either from y = or y = —oo: 

f drj e^(i+m(v-y)q{i^ t) + fi{l, 0, t, Ur, kj) e^'^+^fc)!/ 
ll{l,y,t,kR,ki) = < (2.6) 

We look for a solution which is bounded Vfc S C. In the first expression in equation 
(ESI), 77 - y < 0, thus we require that Re [l{l + 2k)] > 0, i.e. 

( I e (-00, 0] U [~2kR, 00), kii < 
l{l + 2kR) > 0^ <^ 

[ I e (-00, -2kR] U [0, 00), kn > 0. 

Analogous considerations are valid for the second expression in equation (|2.6p , where 
rj ~ y > 0. 
Let 

{fii{x,y,t,kR,ki), kfi<0 
(2.7) 
H2{x,y,t,kR,kj), kR>0. 

Inverting equation (|2.6p we obtain: 
fii{x,y,t,kR,ki) = ^(^l" dl + dl^e'^^-'^'+^'^^y J\ve'^'+^''^S{l,r,,t) 

+ "^^^/I dl^e''^-'^'+^''^y$i{l,t,kR,kj) 

(2.8) 



and 

-2k 

271 



1 / p-iKri poo \ py 

fi2{x,y,t,kR,kj) = ^ ( / dl + J^ dl\ e^'-'C+sfc)!. d^ e'^'+^''^mi,v,t) 

dl+ r dl] e*'"-'('+2fc)y^2(/,i,fci?,fc/) 



1 

2^ 



f — 2kr{ 



(2.9) 

where 4>i^2{x^ t, kR, kj) denote the value of /ii,2(2;, y, kR, kj) at the boundary y = 0, 
i.e. 

cl)j{x,t,kR,ki) := ^j,j{x,0,t,kR,kj), j = 1,2. (2-10) 
Equation (|2.8p evaluated at y = yields 



i>i{x,t,kR,kj) = 

ZTT 
1 

~ 2^ 











/ — 00 





-2fe„ 
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Using the definition (j2.5b[) with y = 0, we find 
27r 27r 







f dl + 


r 


' —oo 


J-2kn J 



2^ 



Thus, 01 does not satisfy any constraints for / G (— oo,0] U [— 2fcij;, cxd), whereas it 
does satisfy the following constraint for I e [0, — 2^:^]: 

/•oo 

Ml,t,kR,ki)^- dr;e'('+2fc)^g(/,?7,i), le[0,~2kj,]. (2.11) 



The situation is similar for (f>2, namely (/)2 does not satisfy any constraint for 
I e (— oo, — 2fcii') U (0,cx)), whereas it does satisfy the following constraint for 
l€[-2kR,0]: 

Ml,t,kii,kj)^^ f dr;e'('+2'=)''gG,77,i) I e [-2kR,0]. 



In order to determine (f>{l, t, kf(, kj), we use the second of the equations defining the 
Lax pair, evaluated at ?/ = 0: 

0t + Hxxx + I2ik(f>,, ~ 12fc20^ = t, fcij, ki), (2.12) 

where 



F{x, i, kji, ki) : = -3 {q^ + 2ikq + ^q.y) 
= -3 



-1 i 



(2.13) 



gx{x,t) + 2ikg{x,t) + h{x,t) 
The Fourier transform in x of equation (j2.12p yields 

t, kR, fc,)e-4^'(;^+3fc;+3fe^)t) ^ = F{i, t, kR, kj)^-m'+^ki+zk-)t^ 

Thus, integrating with respect to t either from t = or from t = T, we find 
Moreover, integration by parts of F implies 

/p dr e-4»'(i'+3fc/+3fc^)(r-t)g(;^ ^ g«(P+3fei+3fe=)t^g 

-/fdTe-4''(''+3'='+3fc')(--*)Q(;, T, kR, ki) + e-4»i(/^+3fc/+3fc^)(T-t)^^^ ^ C 



(2.14) 



where Q is the Fourier transform (|2.5ap of the function Q defined by equation (|2.4I 
and ipT denotes the evaluation of at t = T. 

We look for a solution which is bounded Vfc G C. Nothing that 



Re 



-mif + m + ik^){T -i) 



= I2lki{l + 2kR)(T - t), 



it follows that the exponential e 4j/(;^+3fc;+3fe^)(T t) bounded, provided that 

lki{l + 2kR){T -t) <0. 
In order to analyse this inequality, we consider the following cases: 
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• li k e {k e C : kii < 0,ki > 0}, then / G (-00, 0) U (-2fc/?,oo) implies that 
T — t < 0, whereas / S (0, —2kji) implies that t — t > 0. Recalling our earlier 
analysis for 0i, we can choose 

$t{l,0,kji,ki) =0 for / G (-00,0) U (-2fcfl,oo) 



and then relation ()2.1ip implies 

/•OO 

$+{l,T,kR,ki) = - drye'('+2^)"gG,7?,T) for/e(0,-2M. 
Jo 

Consequently, equations (|2.14p yield 

' J* dT e-4''(''+3M+3fe^)(— *)Q(^^ r, k), I e i-00, 0) U {-2kR, 00) 



= < 



dT e-«(i^+3fc;+3fc^)(r-t)g(^^ ^) 

_ _^-mii-+3ki+3e)(T-t) joo ^iii+2k)nq^i^ T), I e (0, -2kR). 

(2.15) 



• If fc e {fc e C : fc^ < 0, fc/ < 0}, then / G (-cx),0] U [-2kR,oo) implies that 
T — t > 0, whereas I € [0, -'2k r] implies that r — t < 0. Following steps similar 
to those used above, we find 

poo 

^^{l,0,kR,ki) = - / dr;e'('+2feh^g(;^^) for I e [0, -2fcfl] 
"'0 

and 

{I, T, kR, ki) = for ? e (-00, 0] U [~2kR, 00). 
Then, equations p.l4p imply 

r - dT e-«(i'+3fei+3fc^)(r-t)g(^^ fc^^ fc^)^ ^ £ 0] U [~2kR, 00) 



Similarly, we can show that for fc G {fc S C : kR > 0,kj > 0}, 



(2.16) 



f /o dTe-4»'(''+3"+3'=')(— *)Q(/,T,fcfl,fc/), / e (-00, -2fcij] U [0, 00) 



(2.17) 
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For fc £ {fc e C : /ci^ > 0, fc/ < 0}, 



f - dr e-4*'(i'+3fei+3fc^)(r-t)g(|^ fc^^ fc^)^ _2fc^] u [0, oo) 



(2.18) 



Inserting equations (|2.15p - (|2.18p in equations (|2.8p and (|2.9p . we find equations 
and (|2.3p respectively. 

2.2 The global relation 

Proposition 2.2. Define q{ki, k2,t) , gt{ki,k2) and ht{ki,k2) by 



a 



q{ki,k2,t) 

go(fci, 

9t{ki, 
ht{ki, k2) 



where 



oo poo 

dx / dye-''''''-''''yq{x,y,t), 
-oo Ja 

oo /'OO 

dx / dye-*'=^^-'^^^go(x,2/), 

-oo Jo 

-oo Jo 
oo 

dx / dTe-*^+"('='^/i(x,T), 

-oo Jo 



io{k) := -ikl + 3i-^. 

fci 



(2.19a) 
(2.19b) 
(2.19c) 
(2.19d) 

(2.20) 



The functions defined in (|2.19p satisfy the so-called global relation: 

'ko 



e'"('=)*g(fci,fc2,i) = 9o(fci,fc2) + 3 



7^fft(fci,fc2) - ■j-ht{ki,k2) 
ki ki 



ki e M, Imfca < 0. 

(2.21) 

Proof The linearised KP equation (|1.2p can be written in divergence form as: 



Green's theorem in the plane implies 



0. (2.22) 



OO nOO 



dx I dy (e"*'=i^-*'=2W+"(fc)* 



/OO / I- 

-oo V ki 

^^^-^k^.-ik,y+u.(k)t r^f^g^^f^ 

, \ki ki 



(2.23) 
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Integrating equation f|2.23p . we obtain the identity 



q = 



Jo 

OO pQC 



I dr^ e-'^'^-''''\o + I d^ f dT e-*'=i«+"(^)-3 (^g~^h 

OO Jo J-oo Jo yf^i Kl 

(2.24) 

valid for /ci G M and Imfc2 < 0, which is equation (|2.2ip . □ 
Remark 2.1 Wc also note that if t is replaced by T > i, equation (|2.2ip becomes 



^W^g(fci,fc2,T) = go(A:i,fc2)+3 



— gT(fci, ^2) - -rhriki, 
ki ki 



ki e M, Imfca < 0, 
(2.25) 



with gx and hx defined by equations analogous to (|2.19cp and ()2.19dp . 

Remark 2.2 The global relation can also be obtained for the Lax pair (|1.5p . In 
fact, we have that 



and 



^ 'v J-oo 



' ^l(l+2k)y-m(l^+3kl+3k^)t _ ^l{l+2k)y-iil(l-'+3kl+3k^)t 



3{q^ + 2ikq + d^^h) 



These two equations are compatible iff 

/>oo 

^l{l+2k)y-4il{l^+3kl+3k^)t I dxe'^'-'^q 
^ _ I ^l{l+2k)y-iil{f+3kl+3k^)t / dx e""^"" 3 



+ 2ikq + d^^h 



Hence, Green's theorem over a domain A yields 



OA 



J{l+2k)y-4tl{l^+3kl+3k^}t / dxe'"'' 



dy 



J{l+2k)y-4il{l'^+3kl+3k^)t / dx e~^'''^ 3 



+ 2ikg + d^^h 



In particular, for the domain depicted in figure [272] we find the identity 



dt. 



Figure 2.2: The domain A for the global relation. 



10 



fOC pOC 

d£_ / dij e 

~oo Jo 



oo poo 



oo Jo 



drje 



Qo 



-oo Jo 



i{l + 2k)g + d7^h 



, /(/ + 2fcfl)<0. 

(2.26) 

The constraint on I is imposed in order for the exponential eKi+^i^')n iq be bounded. 
2.3 The inverse problem 

We will use Pompeiu's formula in order to reconstruct fi via a d-bar problem. 
Since the functions /i^ and /i^ depend explicitly both on k and on fc^, we need to 
compute the jumps of /i across the real and the imaginary fc-axes, as well as the 
fc-bar derivatives of fi in each of the four quadrants. 

Proposition 2.3. Let be defined by equation (|2.ip . This function admits the 
following alternative representation in terms of appropriate transforms of qo{x,y), 
g{x,t), h{x,t): 



' = 2^ [Jo 



diyr 



dv 



V ~ k 



27r2 Jq " Jgjj+ ly-k 



2ii'RX-\-4i 



27r2 



dvr. 



du 



J_ ^-2iURX+A.iuRyiy+SiuR{^vj--u'j^)tg^^^^^ ^^^^ (2.27) 



Imi/T 




Rei/j 



Figure 2.3: The regions D^2- 
where qo and St ciTe defined by 

/oo pOO 
-oo Jo 



St{ 



/oo pT 
-co Jo 



(2.28) 



d7'h{tT)~2,,ig{^,T) 



(2.29) 
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and the contours dDf and dD^ are the boundaries of the second and the third 
quadrant, with the orientation as shown in figure [ 



Proof The definitions (j2.2|) and (j2.3|) of /if and /^^ yield the following equations: 

|^t dl+ dl) / dd dr;e-«(«--)+'('+^"=^)(''--)g(5,^,i) 

(2.30) 



± 

M2 



_1_ 

2^ 



OO \ POD 



-a{e,-x)-l{l + 2ik,)y-4,a{l^ + -iik,l-ikj){T-t) 



(2.31) 



± 
Ml 



1 

2^ 



1 



+ — l dl+ dl) di 



dl) dd d,7e-''«--'+'('+2'=«»''-^'g(C,r?,t) 

-2fcji / i-oo Jo 



-a(i-x)-l{l+2ka)y~4il(l^+3kr,l+3kj^)(T^t)Q^^ ^ 



— / dz/ dC / d77e-'''«-")+'('+^'=«)(''-^)q(C,r?,t), fcfl < (2.32) 

2l" Jo i-oo 



and 



± 



2tv 



-oo ./O 



1 

2^ 



d; + y dij / dC / dr,e-"(«-^'+'('+2*=«'('''^)g(C,,7,t) 



— 2kfi roo \ roc 

dl+ dl) dCT" g-.i(e-.)-i(i+2fc«).-4«(P+3fcHi+3fc^,)(r-t)Q(^_^^^^^;) 



1 pO poo poc 

^ dl dU dr,e^"'«-^'+'('+2'=«»''''''g(e,7?,f), ka > 0. 

J -2k„ J -oo Jy 



(2.33) 



Equations ((2?30|) and (|23T|) imply 



and i^ji^ — /ij 



fcR=0 



0, 



thus does not have a discontinuity across the imaginary fc-axis. 
On the other hand, equations (|2.32p and (|2.33p imply 



and 



{l4 - M2 



= f /° dl+ r dl) e.'l-Kl+2kn)y g^(fc^^ 
ki=0 ^'^ \J-oo J-2kR J 



ki=0 



1 

2^ 



-2kT 



dl + J dlj e'i^~iii+^^n)y Q^(^kB^^ i)^ 
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where the function Qt is given by 



/CO pi 
/ dTe-^'«-4*'(''+3^-'+3'=')-Q(e,r,fc,0, (2.34) 
-oo Jo 

with Q defined by equation (|2.4p . Hence, ^ is discontinuous across the real fc-axis. 
Pompciu's formula for the contour depicted in figure 12.41 yields 



Mr 



Figure 2.4: The contour of integration for Pompciu's formula. 



1 f° dVR 



2iTT J-oo ^-R ^ ^" 
oo poo 



JO 
oo />0 

dvR 





V — k dv TT 



V — k dv TT 





1 




=0 2i7r „ 


1 






/ dvR 


TT 


7 — OO 


1 








TT 


J — OO 



dvR I + 
r (M2 - M2 



dvi dii\ 
Q V — k dv 

^ dvi d[i{ 
„ 1/ — /c 9P 



(2.35) 



In order to compute the associated d-bar derivatives, we recall the definition 

(2-36) 

dv 2 \ avR avi J 
Thus, by differentiating equation (|2.2p . we find 

dv 27r J„ 



1 

2^ 



d^ 



J2ivii{e,-x)+iivB.viV-S<ivii(3v'j-v%){T-t) 



Qi^,T, V, ~2vr). 



Similarly, using equation (j2.3p . we find 



dfi] 



oo />oo 



a- o ; d(, d-qe 
dv 27r ./-oo Jo 



2iyR((,-x)-AivRVi(ri-y) 



I roo ( Jq dr 

Thus, the d-bar derivatives of fif and ^2 ^^'^ equal, i.e. 

dv dv 



>Qi^,T, v,-2vr). 
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Moreover, employing the global relation (|2.26p together with the identity 

r-T rt rT 



"'0 



(2.37) 



we can express the above d-bar derivatives in terms of the initial and boundary 
values of q and its derivatives: 



dD 2tt 



1 

'2^ 



and 



dD 27r 

^M2 ^ -2wRX+4iiyRViy+8iuR{3:^]-!J^)t 

dv ^ 27r 



qo{vR,vi) + St{vr,vi) 



where go and St arc defined by equations (j2.28p and (|2.29p respectively. 

Thus, inserting the above expressions in Pompeiu's formula (j2.35p . we obtain 
the following expression for /i: 



M= 77 



1 dVR 



4i7r2 J_^ VR-k 
1 /■°° dv- ^ i--"^^!^ 



\J -OO J-2VR J 



^R 



Am'^ Jq Ufj — k 



1 



/ p — Zvr poo \ 



dvi 

v — k 



dvr. 



-r^ / J —nr, ^ " 



^-2ii'RX+4:ii'RViy+8ii'R{3}^j-Uj^)t^^^j^^^ 



(2.39) 



In the first two integrals on the RHS of equation (j2.39p . we make the change of 
variables 



/ = 2a 



vr = P - a \ \ j3 = i/fl + 2 
The Jacobian of this transformation is given by 

d{v[i,l) di^R dl dvR dl 



(2.40) 



9(/3,a) dp da da dp 



2. 



The domains of integration are transformed as shown in figure 12. 5| the first two 
terms on the RHS of equation (|2.39p become 



da 



+ 2 



pQ roo poo 

-OO Jf) 13-a-k Jo Jp P-a-k 

" da r,^ da 

dpi r + 



_2iax-Aal3y + i,ia{a^+3l)^)t 



QT{2a,l3-a) 



OO •/ — OO 



rdpT^ 



P — a — k ./n Jr, P — a — k 
We next introduce the transformation 



/3 =^l^I U( 
a = -vr J 1 vr 



QT{2a,P-a). 



-a. 
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I 

1 




^ — - f 




Figure 2.5: The regions of integration before and after the change of variables (|2.40|) . 



Then, integrating by parts and rccaUing definitions (j2.29p and (|2.34l) . we find 

/oo pT 
/ dTe-2»"«-«*"("'+3/3^)^Q(^,T,/3-a,2a) 
'OO Jo 

2,.jg{tT)-d^'h{^,T) 



-oo Jo 



Thus, the first two integrals on the RHS of equation (|2.39p are equal to the following 
expression: 



2i[ I dui 







J-iv,^^k J -iac J-iv,^^^ 



-2i[ 1^ dui 
2i{ I dui 







u ~ k 



Q V — k JQ 



+ dvi 



ioc J 

dvi 



u ~ k 

R 



u — k 



^St{i^r, vi) 



Using this expression into equation (|2.39p . we find equation (|2.27p . 
Remark 2.3 In equation (|2.27p . St can be replaced by St, where 



St{vR,vi) 
Indeed, we have that 



d^ I dre2*''««-**'^«(3!^'-'^«)^3 

-oo Jo 



d7^h{^,T)~2vig{^,T) 



□ 



(2.41) 



&TgVl e [0,7r] , VR>0 

arg vi e [tt, 2tt] , vr<Q 
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and 



Re 



< ^ < 



argz^/ e 



2'" 



0,- 



, i^fl > 
i^fl^ < 0. 



Hence, the exponential involved in the integrals along the contours dD^ and dD^ 
is bounded and goes to zero as \v\ — >■ oo for v £ {vn > 0, i^/ S D^}, and for 
v G {I'i^ < 0, i^j G }• Hence, by Cauehy's theorem and Jordan's lemma in the 
regions and the term which involves the integral vanishes. 

2.4 An integral representation for g(x, ?/, t) 
The representation p.3[) for ^ suggests that 

1" 



Consequently, equation (|1.5ap allows us to write q in terms of fi: 

kfJ.x{x,y,t,kji,ki) . 
Hence, by differentiating equations (|2.3p we find: 



q{x, y, t) = ~2i lim 



q{x,y,t) = — 



dvB — / du 



7 —2iiJ jziX+Aiu y + Siv jDiZi''i —v'^)t ~ / \ 

dvie «^ -R /»T UK I R> VRqo(yR,Vi) 



+ 



9 C 2 2 

7!-^ Jo isD+ 



oo JdD 



vrSt{ur,ui), (2.42) 



where go and 5*7- are defined by equations (j2.28p and (|2.29p respectively. 

According to remark 2.3 we can replace 5*^ by St, thus an alternative represen- 
tation for q is given by 



q{x,y,t) = — 

TT'' 



7 — 2i[^ I? 3:+4i[^ I? i/r ^y+Sii^ R (37^ r — D )t ~ / \ 

duie R ^ R I bj URqo{vR,vi) 

9 C 2 2 

Jo JeD+ 

4 /° di'fi / d/^/e-''''«"+*'''«''^^+*'''«(^'''-''«'Vfl5t(!yfl,!y/), (2.43) 
■'i" J-oo Jenr 



where go a-nd and S't are defined by equations (|2.28p and (|2.4ip respectively. 
Let us introduce the variables fci , k^ by the equations 



^2 = 4l^_RZ^/ 



2 

2fci' 



The Jacobian of this transformation is given by 



d{vE., vi) 






dvji dvi 


1 


d{ki,k2) 




dki dk2 


dk2 dki 


" 4|/ci| 
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Thus, equation (|2.43|) becomes 



1 



+ 



(27r)2 
1 

1 

(2^ 



dki 



dk-2 



dki 



dk2] e*^+*'=^?^-"('=)*go(fci,fc2) 



dki 
dki 



ki 



dk2 e*'=i^+*'==!^-'^W* Sti-'-^, 
dD+ 2 2ki 



(2.44) 



where (jo and St are defined by equations (j2.19bp and p.4ip . Lo[k) is given by 
equation p.20p and the contours of integration are shown in figure 12.31 

The real part of Lu{k) is equal to "Refc2lmfc2/fci and, since t — t < 0, the 
exponential term in equation (|2.44p is bounded in the domains {ki > 0, fc2 G 
D^UD~} and {fci < 0, k2 £ D+UD^}. Hence, the contour dD~ can be deformed 
onto (see figure [13]). 

Then, equation (|2.44p implies 



qix,y,t) = 



(2^)2 



dki 



dk2 



dki 



I / 



(27r)2 J_oo 2 2fci 

I ^ /" WZ-, /" f]l.^pikix+ik2y-uj{k)t o 

+ (2.)2yo ""^'Joot *^ 2' 2fci^- 

Integration by parts in the definition (|2.4ip of 5*4 yields that 



ki k2 



ki ki 



2 2fci 

hence, recalling the definitions (|2.19cp and (j2.19dp . we find the following expression: 
1 



(2^)2 
1 

(2^ 
1 



dki / dk2e'^'''+'^^y-'^^^'^'qo{ki,k2) 



dki 



dki 



dk2 e^'=i^+''=2i/-i^(fc)t 3 



dk2 e*'^i^+*'^2y-;^(fc)t 3 



^gtiki,k2) - ^ht{ki,k2) 
ki ki 

7^34(^1,^2) - ■j-ht{ki,k2) 
ki ki 



(2.45) 



where oj is defined by equation (|1.3p . go, fft and /it are defined by equations (j2.19bp . 
(|2.19cp and ()2.19dp respectively, and the contours dOf and are shown in figure 

The solution q of an IBV problem for the linearised KP in the domain f2 is given 
by equation (|2.45p . 

According to remark 2.3, an equivalent formula for q is given by 

1 



{2nY 

1 

(2^ 
1 

(2^ Jo 



dki 



dki 

DO 

dki 



dk2 e^'=i^+^'=^^-"('='*go(fci,fc2) 
'k 



dko g''=i^+''=2i/-i^(fc)t 3 



dD+ 



dk2 e*''"i^+*'^2y-i^(fe)t 3 



dot 



— 5T(fci,fc2) - -rhT(ki,k2) 
ki ki 

^2 ^ ~ 

— 5T(fcl,fc2) - 1— ^T(fcl,fc2) 
Ki fci 

(2.46) 
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with gx and hx defined analogously to gt and ht- 

Proposition 2.4. The formula defined by equation (|2.46p in terms of {qQ{x,y), 
q{x,0^t), qy{x,0,t)} represents the solution to the linearised KP equation (jl.2p in 
Vt, provided that the functions qo, gr, hx satisfy the global relation (|2.25p . An 
equivalent representation is given by equation ()2.45|) . 

Proof Since equations p.45p and (j2.46|) are equivalent, we can use either of them 
in the calculations that follow. 

By differentiating equation (|2.46p . it is straightforward to show that q{x,y,t) 
satisfies the linearised KP equation. 

Initial Condition : Evaluating the expression (j2.45p at i = and using the fact 
that 

(2.47) 



Jv 



we find 



q{x,y,0)^-^ I dki I dA;2e*'=^"+''^^^<7o(fci,fc2) 



1 pOO nOO nOO pOO 

— / dk, / dk^ / / d7ye^*^i(--«)+''=^(^-'')<Zo(C,^) 

""j J -oa J -oo J -oo Jo 



dd d7j{27r)''6{x~OS{y~v)qo{^,v) 



1 



(27r)2 

qa{x,y), 



oo Jo 



thus the initial condition (|1.13ap is satisfied. 

Boundary Values: At y = 0, equation (|2.46p becomes 

-1 /"OO /"OO 

q{xM^-—^ dkj dfc2e*^^"-"«*go(fcl,fc2) 
(27r)2 J_oo J-oo 



(2^) 



/ dki f dfc2 e''=i^-"('=)* 3 



JOD, 



— 5T(fci,fc2) - -rhT{ki,k2) 
ki ki 

k'2 ^ ~ 

— gT(fci, ^2) - -r hT{ki, k2) 
fci fci 

(2 



Under the summetry transformation ^2 H> — /i;2 of a;(fc), the global relation p.25p 
assumes the form: 

e"<'=^*g(fci,-fc2,t) = go(fci,-fc2) - 3^5T(fci,fc2) - 3 r^/iT(fci, ^2), fci £ R, Imfc-2 > 0, 

(2.49) 

while we notice that the functions gx and hx, which depend on k2 only through 
a;(fc), remain invariant. Solving this expression for hx and substituting into equation 
d^lll), we find 

1 poo poo 

q{x, 0, t) = ^ / dk, I dk2 e''=i^-"«*go(fci, fc2) 



— 00 ^ — 00 



1 



(2^)2 

1 

(2^ 
1 

(2^ 



Tdfci / dk2+ Tdk, [ dfc2 ) e*'^^"-"('^)*6^5T(fci,fc2) 

dfci / dfc2+ / dfci / &2 ) e''=i""'"('='*go(fci,-A:2) 
-00 J9Dj^ JO / 



dki [ dk2+ [ dki [ &2 I e*'''^g(fci,-fc2,i)- (2-50) 

-00 JdD+ Jo JdD+ I 
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Recalling the definition (|2.19ap of g, wc note that the last term on the RHS of the 
above equation vanishes due to Jordan's lemma on the complex fc2-pla'ne. Also, 
recalling the definition (|2.19b[) of go 7 equation (|2.50p becomes 

-1 /'OO /'OO /'OO /'OC 

{2ttY \J^^ Jqij+ 7o Jqjj+ J kJ-ooJo 

- 7TU { dk2 + dkj dk^ ^^k,.-.(k)t 

{2tiY JoD+ Jo JaD+ J J-ooJo 

(2.51) 

The definition (|2.20p of lj implies 

6 

Reci;(fc) = — — RcA:2 Iinfc2 , 
ki 

hence we can deform the contours dDf and (913^ onto the real fc-axis in the third 
term on the RHS of equation (|2.5ip . i.e. 

<lMt)^^J dk, I rffc2 e''=i--W* / I dve-^'^^-^'^^'^qoitv) 



(2 
1 



J J —00 J —00 Jo 

K^lfdkJ dk2 + [dkJ dkAe'*'^''-'^^^^^&^( di(dTe-'^^^+'^^^'>^g{tT) 

I") \J^oo J dot Jo JdD+ J «l7-ooJo 



(27r)2 



00 poo 



dki dfc2 e*'=i^-'^('=)* / dU dr]e-''''^+''''\o{C,v)- 

— 00 J —00 J —OO Jo 



The first and the third term on the RHS of this equation cancel, while the change 
of variables 

kn ko 
I = -3-^ ^ dl = -6-^ 
ki ki 

on the second term yields 

1 poo pOD poo pT 

Q{x,0,t)^-—r / dfci / d/e'^i"-(-*^i+^')* / d^ dTe-''''^+^-''''+'^^^g{^,T). 

(271-)^ J^^ J_oo J-00 Jo 

(2.52) 

Using the identity (|2.47p . we find 

-1 /"OO poo pT poo 

q{xM = j^l d^l dfcie-*«--) / dre-*^(--*) / dl ^"'^-''^ g[£,,T) 



-00 J —OO 
fOO pOO 



1 pOO pOO pi 

= / dd dfcie-^^^(«-^) / dTe-*'=?(^-*)5(C,r)<5(r-t) 

J-oo J-00 Jo 

1 pOO pOO 

= ^J d^J dfcie-''^^(«--)g(^,t) 



d^gi^.t)6{^^x) 

= gix,t). (2.53) 
In a similar way, it can be shown that qy{x^ 0, t) — h{x, t). □ 
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3 The KPII equation 



The first Lax equation (|1.6ap suggests that there exists a solution /j, with the asymp- 
totic behaviour 

Ai=l + 0(i), fc^oo. (3.1) 



3.1 The direct problem 

Proposition 3.1. Assume that there exists a solution q{x,y^t), {x,y,t) G fl, for 
an initial-boundary value problem of equation (|1.4p . Then, the function ji, which is 
bounded V/c G C and is defined as 

' [iX(x,y,t,kji,ki), kR<0, fc/ > 0, 
^i'^{x,y,t,kR,ki), kR<0,ki<0, 



y.[x,y,t,kR,ki) ^ < 



^2 [x, y, t, kR, ki), kR > 0, fc/ < 0, 
^4{x,y,t,kR,ki), fci? > 0, fc/ > 0, 



(3.2) 



in the different quadrants of the complex k-plane (see fiaure \2.1\) . admits the follow- 
ing representations in terms of q{x,y,t), q{x,0,t) and qy{x,0,t): 



dl+ I dl 

-2kf/ 



+ 



2-K 



oo \ poo 



dl+ dl] < e 



2-K 



-Ikj^l roc poo 

dl dd d7?e-"(«-^'+'('+^'='(''-^'g(C,r;,t)^*±, 



(3.3) 



± 1a_ 1 



-2fcR 



oo \ /"OO 



-oo JO 



+ 



2n 



dl + 

Jo 



dl+ I dlj J / d77e-"«-^'+'('+^*='(''-^'g(5,77,%± 



OO \ poo 



dl]j di{ ^-im-^)-Kl+2k)y-Ulil^+3kl+3k-)ir-t)jj^^^^^^^^^^ 



-1 pO poo poo 

dl dd dr,e^^'(«-^'+'('+^^'(''-'g(C,r,,t)M± 

J -2k a J -oo ill 



where 



J -oo Jy 



(f>f2{x,t,kR,ki) = ^if 2(^,0, t,kR,ki), 
the function H is given by 



H{x,t,k,l) := 3 



gx{x, t) - 2i{l + k)g{x, t) - ^h{x, t) 



and 



g{x, t) = q{x, 0, t), h{x, t) = qy{x, 0, t), 
as defined by equations (|1.13b|) and (|1.13cp . 

Proof Define the Fourier transform of /i with respect to x by 



fi{l,y,t,kR,ki) := 



dx e 



'ilx 



n{x,y,t,kR,ki) - 1 



, leR, ke 



(3.4) 
(3.5) 

(3.6) 



(3.7a) 
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with the inverse Fourier transform given by 

1 [°° 

^i{x,y,t,kR,ki):^l + — dle'^''fiil,y,t,kR,ki), / e M, fe e C. (3.7b) 

J-oo 

Applying the Fourier transform on the first Lax equation yields an ODE in y: 

fiy{l, y, t, kR, ki) + 1(1 + 2k) y, t, kR, ki) qjl{l, y, t, kR, kj), (3.8) 

where 

roo 

qji{i,y,t,kR,ki) := / dxe~'-'''^ (q^i) {x,y,t,kR,ki). 



We solve this equation by integrating with respect to y either from y = or 
from y = oo: 



ll{l,y,t,kR,ki) = 



{ dr] e'('+2'=)(''-^)g^(/, rj, t, kR, ki) + 0, t, kR, ki) e-'('+2'=)2' 
- diie'^'+^'')'^^-y)m,ri,t,kR,kj), 

(3.9) 



where we have assumed that /i — > as j/ — ;> cxd. 

We look for a solution which is bounded Vfc S C. In the first expression in 
equation (|3.9p . i] y < 0, thus we require that Re [l{l + 2k)] > 0, i.e. 



l{l + 2kR) > ^ 



I e {-oo, 0] U [-2kR, oo), kR < 
/ e (-00, -2kR] U [0, oo), kR > 0. 



Analogous considerations are valid for the second expression in equation p.9l 
ri~y>0 implies that Re [l{l + 2k)] < 0, i.e. 



l{l + 2kR) < 0^ 



le [0,-2kR], kR<{) 
le [-2kR,0], kR>0. 



Applying the inverse Fourier transform p.7b[) on equations p.9p and writing fi 
according to the definition p.2p . we obtain 

Hi{x,y,t,kR,ki) = 

^^^h{f "^^^/I ^1^'^''-'^'+''^^ J" dije'^'+'''^^qnil,vAkR,kj) 
1 

1 

" 2^ 







f dl + 


r ^0 


J —OO 


J-2kn J 



-2kR 

^l^U.-l(l+2k)y j drie'^'+^''^^qfiil,Tj,t,kR,ki), kR < 0, (3.10) 



^i2{x,y,t,kR,ki) 



1 + 


1 




2^ 


^1 


;/- 


2tt \ 




1 





dl+ I dl] e'l-Hi+mv I drj e'('+2'=)''g72(/, 77, t, kR, ki) 

-00 

— 2kR 

dl+ I dl] e''^-'('+2'=)^02(/, t, kR, ki) 



271 
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Evaluating equation p.lOp at y = and recalling the definition p. 51) we find 
Mx,t,kR,kj) = l+ ^ ( f dl+ I dl]e'''=Ml,t,kR,kj) 



1 

The definition ()3.7bp yields 

1 . ..... 1 



— 2kR PCX) 

dl / dr]e'^''+^^^+^^^'^qjl{l,r],t,kR,ki). (3.12) 



dle''^<j,^{l,t,kR,ki) 







f dl + 


r 


' —oo 


J-2kR J 



2^ 



d/ / drje'^''+^'^'+^'''>'^qfl{l,'n,t,kR,ki). 

"'0 



This equation implies that (pi docs not satisfy any constraints for / G oo, 0] U 
[— 2fci?,oo), whereas it does satisfy the following constraint for / G [0, — 2fci?]: 

/•oo 

Ml, t, kR, ki) = - dr, e'^'+^'^'^qflil, V, t, kR, kj), I G [0, ~2kR]. (3.13) 



The second Lax equation (jl.6bp evaluated at y = yields 

<t>t + Hxxx + l2ikM - I2k'^(f>x - A0 = 0, (3.14) 
where A is defined as 

A(x, t, kR, ki) = F{x, 0, t, kR, ki) 

= -6g{x,t) {da:+ik) - 3 [g^{x,t) + d-^h{x,t)] . 

By applying the Fourier transform p.7ap on equation p.l4p . we obtain the following 
ODE in t: 

(i>t{l, t, kR, ki) - Ail [f + 3kl + 3fc^) t, kR, kj) = A0(/, t, kR, kj). 

Integrating this expression with respect to t either from t = or from t ~ T, we 
find: 



4){l,t, kR, ki)^\ 



p ^-iil{l^+3kl+3k^){T-t) ^0 _|_ ^iil{l^+3kl+3k^)t 
_jT^^^-iil{l^+3kl+3k''){T-t)J^ _|_g-4ii(;^+3fei+3fc^)(T-t)0| ^^keC. 

Integration by parts of the integral in A^ implies 

J* g-4ji(i2+3A:i+3fc^)(T-t)^ _|_ ^4il{l^+3kl+3k^)t 



0(Z,i, kR, ki)={ 



lt=0 



-/,''dTe-4»'(''+3'='+3'=')(--*)i?0+e-4''(''+3'='+3fc')(^-*)0|^^^,yfcGC. 

(3.15) 

where the quantity H is defined by equation ()3.6p . and 

H4){1, t, kR, ki) / dx e-*'^ {H4)) {x, t, kR, kj). 



In order for to be bounded Wk G C, we require that the exponential involved in 
equation p.lSp is bounded. Noting that 

Re [-4:il{f + m + 3fc2)] = 12fc// (/ + 2kR) , 

we are led to consider the following cases (see also figure [2?T|) : 
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• If k e {k e C : kR < 0,ki > 0}, then / G (-00, 0] U [-2%, 00) implies that 
T — t < 0, whereas I £ [0, —2kii] imphes that t — t > Q. Thus. recaUing our 
analysis for we can choose 

^+{1, 0, fcfl, ki) = 0, / e (-00, 0] U [-2kR, K)), 

Equation (|3.13p imposes 

/>oo _ 

^t{l,T,kR,ki)^- dTje'('+^'''>'^qf,+ {l,riT,kR,ki), le[0,-2kR]. 



Therefore, using equation (|3.15p we find: 



<i)t{l,t, kR, ki) = < 



dr e-4^iO^+3M+3fe^)(r-t)^^+ ; ^ (_^^ q) U (-2yfc^, 00) 
- f dT e-4»'(''+3fc'+3fc=)(r-t)_f^ 

_^-iUii-+3ki+3k-)iT^t) r3ye'('+2'=)''g^ , / e [0, -2kR]. 

(3.16) 

Similar calculations for k in each of the other three quandrants yield the 
following results: 

for fc e {fc e C : kR < 0, fc/ < 0}, 



(j)-^ {l,t,kR,ki) = < 



_g«(i^+3fci+3fc^)t J-^^gi('+2fc)^^ ^^^^ ^ £ [0,-2fcfl]. 

(3.17) 



t=o 



• for /c e {fc e C : fci? > 0, fc/ > 0}, 

( rt 



J* dT e-4»'(''+3fc'+3fe')(— / g (_oo, -2kR] U [0, 00) 



(^J(Z,i, kR, ki)^< 



dr e-4*'(i'+3fc;+3fc^)(r-o^0+ 



-4il{fi+3kl+3k^){T- 



,l{l+2k)^q^+ 



t=T 



, I e h2fci^,0] 



(3.18) 

• and for fc e {fc G C : fci? > 0, fc/ < 0}, 

-/,^dTe-4*'(''+3™')(--*)ii^, / e(-cx),-2fc/jJU[0,oo) 



<f)2 il,t,kR,ki) = < 



/„* dT e-4^i(; = +3fci+3fc^)(r-O^0- 
_g4^^(^^+3fc^+3fe^)^ gi(i+2fc)r,^ 



t=0 



? e [-2fc/?,0]. 

(3.19) 



Inserting equations (|3.16p - (|3.19p into equations p.lOp and p. lip , we obtain for /xi 
and /i2 the representations p.3p and p.4p respectively. □ 
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3.2 The global relation 

Proposition 3.2. Define qo, g and h by equations (|1.13ap . (|1.13b[) and (|1.13cp 

respectively. Also, define the functions cj) and H by equations (|3.5p and (|3.6p . 
Then, these Junctions satisfy the so-called global relation: 

J -oc Jo J-oo Jo 



oc roD 



dU dr7e-"'«+'^'+2'=)''-'*''<'"+^'='+3'= '*g(e,77,t)/i, k € C, l{l + 2kR)<0. 

oo Jo 

(3.20) 



Proof Equation (|3.8[) yields 

/^g/(i+2fc)y-4i/(;2+3fcZ+3fc^)t\ ^ g;(Z+2fc)y-4i!(/^+3fe/+3fc^)t / dxe'^^'^q^j, 

^ 'y J-oo 

Also, the second equation of the Lax pair implies 

f l^^l{l+2k)y-4il{l^+3kl+3k^)t\ ^ ^l(l+2k)y-4il{l^ +3kl+3k^)t / dx e~^'-'^ H jj. 

The above equations imply 

fi{i+2k)y-iii{i^+3ki+3k^)t f°dxe~^''''qij] = (e'^ii+'^'':)y-iii'ii^+3i^i'+3k^)t [°dx e'''''' H ij] 

\ J — C<3 / t V J — OC / y 

Using Green's theorem over the domain depicted in figure I2.2[ we obtain the global 
relation (j??^ : 

OC roc roo rt 



Jo J-oo Ja 

= r /°°d7?e-"«+'('+^'=)''-*''t''+^'='+^'=''*g(C,77,t)/i, k G C, l{l + 2kR) < 0. 

J -ao Jo 

Note that the constraint on I is needed in order for the exponential e'('+^'^''' to be 
bounded. □ 

3.3 The inverse problem 

It will be shown later (see equation p.40p ') that 

Assuming that fi is continuous across the imaginary /c-axis, Pompeiu's formula 

dna) 

, , , , If dv , , \ ( ( dv Kdv d\i , , 
fi{kR,ki}:^— tKvr,vi) + — -j-^{vR,vi), 

ZlTT Jg-p V — k Am J J J) V — k ov 

applied in the simple domain T) (see figure [2^ . yields 

I dvR ^ 1 r dvR ^ 

2i7r vr ~ k 2i7r i^R - « 

1 r"" , dui dy+ 1 r° r d^i dfit 

dvR / r / dvR ' 



Jo Jq V — k dv TT y_oo JQ V — k dv 

ir.„„/° (3.1, 

Jo J-oo V -k dv TT J_oo I' - « C*^^ 
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where 

Afij{x,y,t,kR) -.^ {H+ - fij)ix,y,t,kR,0), j = l,2. (3.22) 

Therefore, we need to derive expressions for the discontinuities of ^ across the real 
fc-axis and for the d-bar derivatives of ^ in the complex /c— plane. 

Proposition 3.3. (The d-bar derivatives) Define the functions and /i^ by equa- 
tions ([33), dSS]) and Then, 



(x, y, t, kn, kj) = e-2./cH.+4...,c.,-8..-«(fc^-3.-?)t ^±^^^^^ ki)nt{x, V, t, -kn, kj) 



dk 
and 



(3.23) 



^{x, y, t, kn, ki) = _e-2'fcH-+4^'=Hfe.y-8.fcH(fc,-3fe,)t^±(fc^^ fc,)/i±(x, y, t, -k^, kj), 



where 



j^ikR^ki) 


^/3+{kR,ki), 


kR <0,ki> 0, 


lT{kR,ki) 


= PiikR^ki) - a^{kR,ki), 


kR <0,ki < 0, 




= P+ikR,ki), 


kR >0,ki> 0, 


l2{kR,ki) 


= P2{kR,ki) -a^ikR^ki), 


kR>0,ki<0 



(3.24) 
(3.25) 



(3.27) 



(3.28) 

and Q^2> f^ti '^''s defined in the appropriate quadrant of the complex k-plane by the 
following formulae: 

«r {kR, ki)^^j d^J dr e2'^H?+8''=«(4-3;c?)r^^^^ -2fcfl)^r (C, r, fc^, fc/), 

(3.29) 

PiikR^kj)^— dd d7je'''-^-^''''^''\o{^,v)p^t{^,vAkR,kj), (3.30) 



2tt 



oo JO 



-I poo pT 

a2ikR,ki)^— j d^j dre2''=««+8'^«('=H-3'^')-i7(^,T,fc,-2fcfi)^2-(e,r,fcfl,fc,), 

(3.31) 

P2ikR,ki)^—J d^j^ d77e2'^««-4*'=«'=^''9o(C,'?)A^^(C,^,0,fc,j,fc,), (3.32) 

where the functions (p^ 2 and H are defined by equations p.5p and p.6p respectively. 
Proof Differentiating equation (|3.3p according to the definition (|2.36p of the d-bar 
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derivative, we find the following expression: 

2k f{ poo poc 



1 

2^ 



-oo JO 



y 

2iki{{i-x)-4ikfikj(r}-y) ± 



Jf- J- f dS, I ^2ika{i-=o) + iik,ikjy + 8iknik%~3kj)(T-t)jj^^ ^ ^ _2kfi)^^ 



-I f-OO f-OC 

271- i_oo Jh 



This expression can be written as an integral equation for dfi^ /dk: 
dk 2n\J^^ J-2kn / J-cc Jo dk 

271- VJ_oo J-2kRJJ-ao \^_jT^^ Ok 



1 /" — 2^7? /"OO roc c\ zt 

27r /n 7-,^ 7„ Ofe 



-oo J 1/ 
-2ikj^x-\-'iikjikjy "pi/ 



where F]*^ is defined by 



1 /"OO /"OO 

rt{t,kR,ki) = — dU drie^^'^^-^'^^'^-^'^nn^ 



1 /"OO I Jo 



27r 



(3.34) 

Using the identity p.37p , we can write equation p.34p in the following form: 

-1 /"OO /"OO 

+ ± dd dre2»'=««+8''=«(*'«-3'=')(-*)77(C,T,fc,-2%)(/)f 

271- J_oo Jo 

27r J_oo Jo 
where H denotes the Heaviside function. 
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The global relation ([X^ for I = -2kR yields 

-OO JQ 

/OO />oo 
-OO Jo 

/OO /"i 

Hence, equation p.35p implies that 

where are defined in proposition 13. II Then, equation p.33p becomes 



± 



OO /"OO 



27!- Jo J-oc Jy dk 

Let us introduce the notations 



2ikRX—4zikjikjy+8ikji{kj^ — 3k^)t f^^^ 



± 



Mf{x,y,t,kR,ki) = ^- — ^^^{x,y,t,kR,ki) (3.37) 

lf{kii,ki) dk 

and 

Ff{x,t,kR,ki) = M^ix,0,t,kR,ki). 
Then, equation p.36p can be written in the form 



rdl+ r dl)\ Td^ rd^^-^('+2f^nK^--) + W+2k)+Mk^kr)(v^y)^^± 

I g-i{I+2feH)(5-3:)-(i(i+2fc)+4ifcHfc^)y+8ifeH{fc|-3fcf)T-4iI{;2+3fcI+3fe2)(T-t)^j-± 
1 p —'2k]^ p OO OO 

_±/ / di rf^e-'"+''=«»«-"'+<'"+'">+*''«'^^)'''-'''q>lf. (3.38) 

2i" Jo J-oo J« 



Let I' ~ I + 2k]i in the integrals on the RHS of equation p.38|) . Consequently, 

l{l + 2k) = - 2k) - AikRki 
il = il' — 2ikR 

+ m + 3fc2) = -Ail'H'^ - m' + 3P) + 8ifcfl(fc^ - 3k]). 
Dropping the prime, equation p.38p becomes 



OO Jo 



+ 


d? 


J — OO 






r 


" 2^ j 


2k fi 



It) 

^-U(li~x)-l(l-2k)y-4U(l^-3kl+3k'^)(T-t)jj^^^^^ j^j 2kji)T^ 



OO /"OO 



d/ / dU d7?e-"«-"'+'('-2''"''"'''gA4^. (3.39) 



27 



Employing the transformation k i— > — fc in the definition (|3.6p of H, we find 

7? (C, T, fc, / - 2fcfl) r, ~k,l + 2kR) = (e, r, fc, 0- 

Introducing the notation 

equation p.39p becomes: 

roo \ poo pv 

il((-^)+l(l+2k)(v-y) ^jf^± 



dl + l dl] I dS, dj)e~ 

-oo JO 



+ 



2-K 



-2k poo \ roc 

dl+l dl] d^ 



-U(i-x)-l{l+2k)y-iil{r+3kl+3k^){T-t) 



H{i,T,k,l)Ft 



1 



OO fOO 



^ I dl I dU d77e-''«-^'+'('+2'=»''-«'g>tf. 



Thus, it foUows that this equation is identical with equation p.4p hence, assuming 
that the solution is unique, it follows that 



or, equivalently. 



Mfix,y,t, -kn.ki) = nf{x,y,t,kR,ki), 



Ml {x,y,t,kR,ki) = ^2 {x,y-,t,-kR,ki). 



Therefore, using the definition p.37p . we obtain equation p.23p for the d-bar 
derivative of /^f . In a similar way, we can derive the expression p.24p for the d-bar 
derivative oi js^ . □ 

In order to show that ^ is continuous across the imaginary fc-axis, we evaluate 
the expressions (|3.3p and 1(5 A} ai kji — Q and then subtract the resulting equations: 



{iH - M^) 



+ 



OC POO 



2-K 



oo /" oo ry 

dl I d^ d-q e~ 

oo J — oo Jo 



il{,i-x) + l{l + 2iki)[ri-y) 



- oo J — oo Jo 

This equation evaluated at y = implies 



roo roc 



{4>1 - 02") 

= 1. Hdl Hd^ r^^^-U(i-.)-lil+2^k,)y-4Uil-+'Mk,l-3kjKr-t)^ H Uf ~ cb^) 
27!- J_oo i-oo Jo L ^ ^ 

0. 



fc„=0 



hence, assuming uniqueness we find [(pf — 0^ 

Then, it follows that — /ij satisfies a homogeneous integral equation, hence 
under the assumption of uniqueness. 



fif{x,y,t,0,kj) = fif{x,y,t,0,kj). 
Next, we compute the jump of /x across the real fc-axis. 



(3.40) 
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Proposition 3.4. (The jumps across the real k-axis) Define the functions fif and 
fif, by equation p.2p . (|3.3p and p.4p . These functions satisfy the following dis- 
continuity relations across the real k-axis: 

f° 

A^i(x,2/,t, fcfl) = / dXx2{kR,X){exfl^){x,y,t,kB.,X) 

J —OO 

/oo 
dXxi{kR,X){exilt){x,y,t,kR,X), fc^ < 0, (3.41) 

dXil>2 {kR, X) (exfl^) {x, y, t, kn, X) 

-OO 
nOO 

+ dXMkR,X){exilt)ix,y,t,kR,X), kR>0, (3.42) 

where are defined by equation p.22p . and 

X iX 

jl.j{x,y,t,kR,X) -.^ lij{x,y,t,~kR-' -,—), j = 1,2, A e R, (3.43) 

ex{x, y, t, kR, X) := p-ii^+'^kR)x-X{X+2kri)y-iiX{X^+3kri,\+3kl)t~Sikjit ^ (3.44) 

The functions X2, Xij "02 o,nd Tpi are the solutions of the following systems of 
Volterra integral equations: 

X2{kR,X)- / dlx2ikR,l)r2{kR,l,-2kR- X) 



dlxi{kR,l)ri{kR,X,~2kR^X)=pi{kR,^2kR-X), kR<0, A < 0, 

I -2ka-X 

(3.45a) 

l'-2kB-X 

Xi{kR,X)- / dlx2{kR,l)r2{kR,l,-2kR- X) 



dlxi{kR,l)ri{kR,l,-2kR - X) ^ Pi{kR,-2kR~ X), kR<0, X>-2kR 

(3.45b) 

and 

i>2{.kR,X)+ / dlip2{kR,l)r2{kR,l,~2kR- X) 

J —oo 

p-2kR-X 

+ dliJi{kR,l)ri{kR,X,-2kR- X)^pi{kR,-2kR- X), kR>0, X< -2kR, 

Jo 

(3.46a) 

p — '2hfi — A 

ipi{kR,X)-\- / dlip2{kR,l)r2{kR,l,-2kR- X) 



+ 1 dli)i{kR,l)ri{kR,l,-2kR-X)^pi{kR,~2kR-X), kR>Q, X>Q, 

(3.46b) 
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with r2, Ti and pi defined by 
27r J^oo Jo 

(3.47) 

n (fcfl, X,l) = — dddii e-''^+'^^+^'-^\o{^, V) [exK) ^, 0, fc^, A), (3.48) 



1 nOO pi 

Pi{kn,l) = — j d^j dre-^'^-'^^^''+''-'+'''-^^H{^,r,kR,l)<P^{i,T,kn,0), 

(3.49) 

and h given by equation p.6p . 



Proof Evaluating equations p. 31) at /c/ = and subtracting the resulting expres- 
sions yields the following equation for A/ii: 



= i- ( / dl+ I dl] I l~ dn e-«(«--)+'('+2'=«)(''-^)gA/. 



-oo ~'() 



_7__ ^-2(|S-i) + l(l + ^fcB)(r7-H) _ A . 

1 



1 

2^ 



-OO J —2kpi / J —oc J t 
-2kfi roo POO 

dl dd dr?e-'«-^'+'('+2'=«»''-'')gA/ii, fc^ < 0. 



-oo Jy 



Furthermore, using the identity p.37p . we can rewrite this expression in the 
following form: 



^( r dl+ r dl) r di rdr,e-'''«-^)+'('+^''«»''-'')gAMi 

'''"Vi-oo J -2kn ' J -oo Jo 



-I / fO roG \ /"oc ft 

J- / / / ,, \ / ,^ / , -«(5-a;)-i(i + 2fcij)y-4«(i^+3feH' + 3fe|j)(T-t) j 



+ dl+ dlj dU d^e~"^*-"'-'^'+^'^«'^-*"^' +^'^H'+^«flnr-i)^|^^^^^ 



1 



OO J — 2k II / J —CO Jo 
2kr> poo roo 



^ I dl I d^ I dr] e-"«--'+'('+2'=«)(''-!')gAMi 



J — oo J y 

poo \ foc f-T 



(3.50) 



In what follows, by analysing the Lax pair, we will construct an equation similar 
to equation p.50p . This equation will be satified by an appropriate combination 
of the functions ii^ and /ij. Therefore, assuming uniqueness, the solution A/xi of 
equation p.50p equals the above combination. 

Consider the Fourier transform pair p.7p . but now let ^ s — 2k r. This trans- 
formation will allow us, after applying a suitable change of variables, to split the 
exponential terms into two parts: one which will match the exponentials on the 
RHS of equation (j3.50p and one which will be independent of I: 



y, t, kR, ki) = dx e-*(«-2fe«)- (^(x, y, t, kR, kj) - l) , s e kR e R 

l=s-2kn V / 

(3.51a) 



and 

1 

kR€ 



1 f 

/^(x, y,t,kR,ki) = 1 + — / ds e'(''-2fe«):r^(^^ 



/=S-2fcH 

(3.51b) 
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Wc now follow a similar approach to the one presented in section 13.11 applying the 
transform (j3.51al) on the Lax equation (jl.Gap . wc find 



pLy + (s - 2kii) [s + 2iki) fl 
Using the change of variables 



l=s-2kn 



(3.52) 




^ ~kR - A, A e R, 



(3.53) 



equation p.52p becomes: 

fly + (s + 2kR + A) (s - A) /i 



dx e 

l=s+2kR + \ 

with jl defined by equation (|3.43p . Hence, 

^ g(s+2fcij+A)(s-A)a 



^(s+2kR+\){s-X)y ^ 



l=s+2kn+\ 



l=s+2kri+X 



where 



q^i 



l=s+2kR+X 



^2.g-.(s+2fcH+A). 



q^l. 



We solve this equation by integrating with respect to y either from y = or from 
y = oo: 



^^d77e(''+2'=«+^)(''-^)(''-!')g/i| 



l — s + 2kii + >- 



.(s + 2fc„+A){s-A)i; 



\l = s+2k!i + \ 



l^B+2kfi+X 



(3.54) 



where we have assumed that /i as y ^ oo. 

We are interested in obtaining an expression for the difference A^i, thus we 
assume that kn < 0. Also, since must be bounded for kn < 0, the exponential 
involved in equation (j3.54p must be bounded and hence, we need to control the sign 
of (s + 2k]i + A)(s — X){ri — y). We consider two cases for A, namely A < — fc/j or 
A > — fcfl. According to the definition (j3.2l) . the distinction between /ii and /i2 is 
made on the basis of the sign of the real part of k. However, the transformation 
(|3.53p implies that k = —k^ — A e M, hence /i = /i2 in the first case, whereas /i = /ii 
in the second case. 

Inverting the expression (|3.54p (by making use of equation (j3.51bp ). recalling 
the definition (|3.43p and relabeling s to I, we find the following equations: 



M. = l + - 



dl 



dl 



+ 



2-K 
2^ 



dl + 

— OO 

dl 



dl 



D Jo 

^^^-i{l+2ka+\)(S-x)-(l+2kfi+\)(l-\)y 
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which is vahd for A < — Ai/^, kj^ < 0, and 

1 / r — 2kf{—X POO \ POO py 



-oo Jo 

+ ^[ I dl+ I dl] I d^^-'('+2kn+^)i(-^)-(l+2k^+X)il-X)y 



2-K 



— oo 

OO POO 



dl d^ ^^^-i(l+2kR+\)(i-x) + (l+2kii + \)(l-\)(v-y) 



qfj-1, 



which is vahd for X > —kn, kn < 0. 

FoUowing the approach used in section we can empfoy the second Lax equa- 
tion (|1.6bp in order to ehminate the dependence in y from the second term on the 
RHS of the above expressions. This yields the fohowing equations: 

ex/it^e, + ^( r dl+ r di] r d^ r dr,e-^'^^--~>+'^'+^''-'>'-^-y'>qexnt 

^''^ \j-ao J ~2kji~\ J J -oo Jo 

+ ±f l^dl + r dl] Hdi rd^e-"(«'^)"'('+^'=«)''-*''(''+^'=«'+3'=«)(^-')^eA|,=o ^^t 

2"^ \J-oo J-2kp{-X/ J ~oo Jo 
T p — 2k ji— X POO POO 

-— dl dU d77e-"«-^'+'('+^*=«'(''-^'ge;,/i2+, (3.55) 

271- Jx i-oo Jv 



which is vahd for A < — fc_R, fc^, < 0, and 
e\ fit = e>.+ 



1 / /""^fc/j— A poo \ poo py 

i-(^y dl + J dlj J d^y dr,e-''«-^)+'('+^'=«)(''-^)geA/i+ 



2tv 



oo JO 
oo fOO 



dl di I d77e-''<«-"'+'('+2'=«'(''-^'geAM|, (3.56) 

2krt—X J — oo 



which is vahd for A > —kn, kn < 0, where e\ is defined by equation p.44p . H is 
given by 

H{x, t, kR, I) := H{x, t, ~kR -X,l + 2kR + A) (3.57) 



and H is defined by equation 

In order for /ii_2 to satisfy an equation similar to equation p.SOp . we need to 
split the integrals with respect to I. However, in order to ensure that the resulting 
integrals remain bounded, we impose two additional conditions: in equation p.55p . 
where A < —kn, we actually require the stronger condition that A < 0, and in 
equation p.56p . where A > —ku, we demand the stronger condition that A > —2kii. 
Under these new restrictions, the expressions p.55p and p.56p become 

BA/iJ = ex - R2 

+ ^( r dl+ r dl) r di r drje-"f^-^^+'^'+""'^(^-y^qe,ilt 

271" \J-oo J-2kpi / J -00 Jo 

+j_f fdi+r di)rdi rd^e-"(«-^)-'('+^*=«'^-*^'(''+w3*=i)(.-t);jg^i^^^^+ 

VJ-oo J -2kR / J -00 Jo 
1 f — 2kfj f 00 f 00 

-± dl di d77e-"(«-^'+'('+^'=«'(''-^'geA/iJ, (3.58) 

271" Jo J -00 Jy 
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which is vahd for A < 0, fci? < 0, and 
exfj,t = ex ~ Ri 



+^( r di+ r di) r r dve-''^^-^'>+"^'+^'''^^^^-y'>qexiit 

^''^\J~oo J -2kji / J -oo Jo 

2"^ \ J-oG J -2kji J J -oo Jo 



oo poo 



dl I dij dr,e~''^^-''>+"^'+""^>^''~^>qexilt, (3.59) 

which is vahd for A > — 2fcij, fc/j < 0. 

The quantities R2 and Ri are given by the fohowing expressions: 

R2{x,y,t,kR,X) = ^U dl+ dlj dU dr,e""^^-^^+'^'+^'"'^^^-^^qexflt 



il{i-x)-l(l + 2kii)y-4il(l^+3kiil + 3kj^)(T-t) j 



21" \J X J -2k PI J J -aa JO 

(3.60) 

which is defined for A < 0, fej^ < 0, and 



27r 



1 

2^ 



2fcff-A J—2ko/J-oo Jo 



00 poo 



Ri{x,y,t,kR,\) = ^( I dl+l dl] I dU dr,e-''(«-^'+'('+2'=««''-«'QeA/i^ 



(3.61) 



which is defined for A > —2kii, < 0. 

We need to verify that the exponentials involved in the expressions (|3.58p . 
p.59p . p.60p and p.6ip are bounded. This is straightforward for the exponen- 
tials e-'('+2'=«)2', e^(i+2kn)(n-y) and ex in ((338)) and (i339| . 

Concerning R2, we have 

X<1 <0 < ~2kR or < -2kR < I < -2kR - A. 

Thus, the exponentials e"'('+2''«)!' and e('"-^)('+2fci,+A)j;^ which are involved in the 
definition of i?2, are bounded. 
Concerning we have 

~2kR - A < / < < ~2kR or < -2kR < I < X. 

Thus, the exponentials ^-'■{WkR)y and e('~'^)('+2'^"+^)'', which arc involved in the 
definition of are also bounded. 

The expressions for R2 and Ri can be rewritten in the following form: 



1 / 1-0 j.-2k„-\ \ 



2n 



r-2kR-\ 

dl + 

X J -2kR I 

00 />oo 

i/4+;(i+2fcij)r)-4ii(;^+3feR;+3fe^)t " + 



-00 Jo 

J-00 Jo J 



(3.62) 
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and 



ZTT 







/ dl + 




J-2kit-X 


J-2kR / 



) Jo 

+ r /*dTe-''«-4.Ki^+3fe./+34)-iJeA|,,=o^M. (3.63) 

J-oo Jo J 

Applying the transformation p.53p to the identity p.20p . and then replacing I by 
I + X + 2kf>, we find the following identity: 

POO 



— OO 



Jo J-oo 



Note that if I satisfies the restrictions imposed in the domain of i?i and i?2 then the 
exponential e('~'^)('+2'^«+-'^)'' is bounded, hence the global relation p.20p is satisfied. 
Thus, employing the global relation in the expressions p.62p and p.63p . we find 

R2{x,y,t,kR,X) = i dl+ dl\ E{x,y,t,kR,l)r2(kR,\,l), A < 0, 

\J\ J -2kR-X J 

(3.64) 

and 

/ /-O /■-2kR \ 

Ri{x,y,t,kR,X) = / dl+ / dl \ E{x,y,t,kR,l)ri{kR,\,l), A > -2fc_R, 

\J-2kn-\ J \ J 

(3.65) 

where 

E{x, y, t, k, I) := ^a.-i{i+^k)y+mii-+zki+:ik^)t^ (3 gg) 

and 7^2 and ri are defined by equations p.47p and p.48p . 

In summary, we have obtained two integral equations for jl^ ^^id /i^, namely 
equations p.58p and p.59p , with the quantities R2 and Ri given by equations p.64p 
and (|3.65p respectively. 

Next, we multiply equation (j3.58p by X2 and integrate with respect to A from 
—00 to 0; similarly, we multiply equation p.59p by xi and integrate with respect to 
A from —2kii to 00 (the precise form of the functions xi and X2 will be determined 
later). Adding the two resulting expressions and defining Si by 

/O j*oo 
dXx2{kR,\)e\f4 + j d\xi{kR,\)exf4, (3.67) 
-00 J —2kR 
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wc find 

/•O noo \ 1*00 i*y 



27r \J-oo J-2kE. J J -00 Jq 

'■^ \J-oo J~2kR JJ-oo Jo 



1 

+ J^i{x,y,t,kR), (3.68) 
where iJ is defined by equation p.57p . and 



'2k /'Oo /'Oo 



Ti{x,y,t,kR,) = d\x2{kR,\){e\- R2) + I dXxi{kR,\) {e\ - Ri) . 

In order to identify equation p.68p with, equation p.SOp . the functions Xi ^-nd X2 
must be defined in such way that equations p.68p and p.SOp have the same forcing, 
i.e. so that 

Ti{x,y,t,kii) ^ i dl+ dl\ E{x,y,t,kR,l)pi{kR,l), 

\j~oo J-2kR J 

where E is defined by equation p.66p and pi is given by equation p.49p . This 
imphes that xi ^-nd X2 must satisfy the fohowing condition: 

d\x2{kR,X)e\{x,y,t,kR,X) - / dAx2(fcfl,A) / dl E{x,y,t,kR,l)r2{kR, X,l) 

'OO >/ — 00 J X 

- / dXx2{kR,\) / dl E{x,y,t,kR,l)r2ikR, X,l) 

/oo 
dAxi {kR,X)ex[x,y,t,kR,X) 
-2kn 



d\xi{kR,X) I dl E{x,y,t,kR,l)ri{kR, X,l) 

2fcjj J —Ikfi — X 

00 r\ 

d\xi{kR,X) I dlE{x,y,t,kR,l)ri{kR,X,l) = 

f( J — ^k 

dX E{x, y, t, kn, X)pi{kR, A) + / dX E{x, y, t, ka, X)pi{kR, A), (3.69) 

-oo J -~2kji 

where I has been relabeled as A on the RHS. 

Our aim is to obtain appropriate integral equations for xi ^'Hd X2- In this 
respect, we note that we can interchange the order of integration with respect to A 
and /: 

j-Q i-Q A 

dX dl^ dl dX, 



and 



— oo J A J —OO J —OO 

f — 2kj^—X /"CxD /' — 2kpi—l 

dX dl^ dl dX, 

'OO J -2kR J-2ka J -oo 

x: /"O /"O roo 

dX dl= dl dX, 

2fcR J-2kR-X J -oo J-2kn-l 



fX /'OO /'OO 

dX I dl^ dl dX. 
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Figure 3.1: Interchanging the order of integration between A and /. 
Therefore, equation p.69p becomes: 

/O /■() M 

dlx2ikR,l) ei{x,y,t,kR,l) - dl E{x,y,t,kR,l) / d\x2{kR,\)r2{kR,\,l) 
-OO J —OO J —OD 

/oo p —■2k fj —I 

dl E{x,y,t,kR,l) / d\x2ikR,X)r2{kR,X,l) 

/OO rO roo 

dlxi{kR,l) ei{x,y,t,kR,l) - / dl E{x,y,t,kR,l) / d\xi{kR, \)ri{kR, \,l) 

-2kp, J ~oo J — 2k[i-l 

/oc rc<i 
dl E{x,y,t,kR,l) / d\xiikR,X)ri{kR,X,l) ^ 
-2kp, Jl 

/O poo 
dl E{x,y,t,kR,l)pi{kR,l) + / dl E{x,y,t,kR,l)pi{kR,l). 
- oc J—2kj^ 

In addition, it foUows from the definitions p.44|) and p.66p of e\ and that 

E{x,y,t, fc_R, -A - 2k fi) = ex{x,y,t, kn, A). (3.70) 

Hence the transformation / i— > — 2fcfl — / in the terms involving the exponential E 
yields 

dlei{x,y,t,kR,l)ix2{kR,l)- / dXx2{kR, X)r2{kR, X, -2kji ~ I) 



dXxiiku, X)ri{kii, A, -2fc_R - /) -pi(fc_R, -2fcK - ^ 

-2k„-l J 

+ 1 dlei{x,y,t,kii,l)<xiikR,l)~ dXx2{kR, X)r2ikii, X, -2kii - I) 

2kR I J-oo 

DO I 

dXxi(kR,X)n{kR,X,-2kR-l)~Pi{kR,-2kR-l) \ =0. (3.71) 
This condition can be identically satisfied provided that we set both curly brackets 
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dlxii^R, l)ri{kR, A, ~2kR - A) = pi{kR, -2kR - A), A < 

2ka-\ 



-'2k ji — X 

Xi(fcfl,A)- / dlx2{kR,l)r2ikR,l,~2kR- X) 



equal to zero, i.e. provided that 

X2(fci?, A) - / dlx2ikR,l)r2{kR,l,~2kR- \) 



and 



dlxiikR,l)ri{kR,l,-2kR- X) = pi{kR, -2kR - X), X > -2kR, 

which are equations p.45ap and (j3.45bp respectively. 

Note that the restrictions on A originate from equation p.7ip : furthermore, these 
restrictions ensure that r2 and ri are well defined, see equations (|3.47p and (|3.48p . 

Equations p.46ap and (|3.46bp can be derived in a similar way. □ 

3.4 The spectral functions 

Consider the initial-boundary value problem for the KPII equation (|1.4p . with the 
initial and the boundary values defined by equations (|1.13ap - (|1.13cp . This problem 
is well posed provided that one of the two boundary values, (|1.13bp or (|1.13cp . is 
known. It is then possible to obtain the unknown boundary value in terms of the 
initial condition and the given boundary condition via the global relation p.20p . 

Now, we will define a map from the initial condition Qq and from the boundary 
values g and h to the spectral functions of propositions 13.31 and 13.41 



Uoix, y), g{x, t), h{x, t)} ^ 2(fcfl, ki), Pf^2ikR, fc/), Xi,2(fci?, A), ipi,2{kR, A)}, 

(3.72) 

where {x,y,t) e il, kR < for {ai^/Sf} and kR > for {02",/?^}, kj > for /3j*^2j 
kj <0 for {aj"2,/?f2} A e M. 

1. qo {pf{x,y,kR,ki),p^{x,y,kR,ki)}, for {x,y,t) G Q and kj > 0, 

where the functions and are defined in terms of qo via the following 
linear integral equations: 

p+^l + ±( dl+ dl) / d7ye-''«'^)+'('+2^)(''-^)goP^ 

\J-oo J-2kR / ^-00 -/o 

-| f — 2kri foo pCiO 

dl dd drye-'(«--)+'('+2'=)(''-«)gopf, fc« < 0, 

'^''^ Jo J -00 Jy 

(3.73a) 



-2kp 



dl 



dl 



00 Jo 



1 

2^ 



dl 



dU d77e-''(«--)+'('+2'=)(''-«)9oP^, kR>0 



(3.73b) 
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2- {go, .9, h} ^ {x, y, kn, ki),p^ (a;, y, fc^, fc/)}, {^j (x, t, ka, ki), (t)^ {x, t, ka, fc/)}, 
for (x, y,t) € il and fc/ < 0, 

where the functions and are defined in terms of {90,5,^} via the fol- 
lowing linear integral equations: 



\J-oo J-2kR / J -00 Jo 

2"" \J-oo J-2ka Jo 



1 

2^ 



J —CO J y 



(3.74a) 



-il{i-x)+l{l+2k){ri-y) ^ 



— 00 •JO / J —00 Jo 



1 

" 2^ 
1 

and 

1 



— 2kn. noo \ pOQ pT 



— 00 ^0 I J —00 Jo 

/"oo poc 

il[^-x)+l{l+2k){ri-y) 



dl dU di]e-''^^-^^^'^'-^'^^^'^-y^qoP^, kn > 0, 

2k J —00 J y 

(3.74b) 



1 - 2 



1 

2^ 
1 

2^ 



-( di+ dl] de / rfTe-»''«-"^-'*'*''+'''+'''^^"-*^H0r 

-2k p 00 p t 



J-00 Jo 

2kji pOQ /"OO 



J-00 Jo 

(3.75a) 



02^ = 



1 / p — ^Kn poo \ /-oci pi 

1 _ _L y dl+J dljj d^J^ d^e-''(f-^)-4*'(''+3'='+3'=')(--*)i702- 

J-2kR J-00 Jo 



1 /'O /"OO /"CXD 

— / dl dU d7?e-''(«--)+'('+2'=)''+4*'(''+3'^'+3^-')*goP2" 



27r 



2fcjj J-00 Jo 



(3.75b) 



with H defined by equation p.6p . 

The motivation for the above definitions emanates from proposition 13.11 In- 
deed, evaluating equations p.3p and p.4p at t = and letting /^]';2|j_g = 
pj'^j; recover equations p.73ap - (j3.74bp . Furthermore, applying the inverse 
Fourier transform p.7bp for (j)i2 equations p.l7p and p.l9p . we find equa- 
tions p.75ap and p.75b|) . 
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where the functions aj^j ^^.d 13^2 ^iro defined by the equations: 

(3.76a) 
(3.76b) 

l3i{kR,kj)^—J d^J^ drje'^'^-^-^^'^-'^^opf, (3.76c) 



-oo JO 

nOO pOO 



1 /'OO pOO 

I3t{kn,kj) = — dd dr,e^'''-i-^^''-'''^qopt. (3.76d) 

^TT J_oo Jo 

4. {(7o,5,/i} H> {ri,2(fcfl, A, /),pi(fc_R,/)}, with i e M, 

where the functions ri 2 and pi are defined by the foUowing equations: 



-I pOO t'OC 

{kn, \l) = i^l dd dTj e-^'«+'('+2'=-)''go(C, ry) {e^pt) (C, ^, kR,X), 



00 Jo 



(3.77a) 

1 pOO pOO 

r,{kn,X,l)^— J d^J d77e-^'«+'('+2'^--No(^,T;)(eAP+)(^,7y,fefl,A), 

(3.77b) 

1 /'OO /'T 

Pi{kRj) = —j J dre-''«-4^'(''+3'=«'+3'=«)-i7(e,r,fc«,/)</>r(C,r,fcfl„0), 

(3.77c) 

with ex given by equation p.44p and 

p+2(x, y, kR, A) = ^1^2(2;, y, -fcfl - ^, y)- 

5. {ri,2, Pi} {Xi,2(fci?, A), '0i,2(A:fl, A)}, 

where the functions xi,2 and "01^2 ^irG defined via the following integral equa- 
tions: 

X2(fcfl,A)— / dlx2{kR,l)r2{kR,l,-2kR — \) 

J —00 

/OO 
dlxi{kR,l)ri{kR,\,^2kR- X) =pi{kR,-2kR- X), fc/? < 0, A < 0, 

(3.78a) 

Xi(fcfl,A)- / dlx2{kR,l)r2{kR,l,-2kR - \) 

J —00 

/OO 
dlxi{kR,l)ri{kR,l,-2kR~\)=pi{kR,-2kR~X), kR < 0, X > -2kR 

(3.78b) 
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and 



'(/'2(fcii, A) + / dl^jj2{kR,l)r2{kii,l,-2kii- \) 



+ dlMkR,l)ri{kR,\,-2kR - \) = pi{kR,-2kR - \), kR>0, X < -2kR, 

Jo 

(3.79a) 

dltp2{kR, l)r2{kR, I, —2kR - A) 



+ / dlMkR,l)ri{kR,l,-2kR^ X)=pi{kR,^2kR- \), fc^ > 0, A > 0, 



(3.79b) 

In summary, steps 1-5 provide the map (j3.72p from {q(),g,h} to the spectral func- 
tions. 

As mentioned in the beginning of section [331 the function /i satisfied Pompeiu's 
formula p.2ip . We notice that, under the definition p.66p of the exponential E, 
equations p.23p and p.24p can be written as 



dk 



■(x, y, t, kn, ki) = E{x, y, t, k, -2kR) 7^ {kn, kj) /i^ (x, y, t, -kn, ki), kR<0 



and 

— ^(x, y, t, kR, ki) = -E{x, y, t, k, -2fci?,) 7^(fcfl, fc/) nt{x, y, t, -kn, ki), kn > 0. 
ok 

Using these expressions for the d-bar derivatives, as well as equations p.4ip and 
p.42p for the discontinuities across the real fc-axis, Pompeiu's formula (|2.35p yield 
the following expressions: 



fi{x,y,t,kii,ki) 



2iTT 



1 



dvR 
VR-k 



2i7r Jq vr — k 
1 



dXx2 (exfit) + dXxi (caM^) 



dVR 



dvr 



dvR 



dvf 



—00 —00 



dvj 
v — k 

v — k 

° di^i 

-00^ -k 
" dvi 



V — k 



{x,y,t,vii,\) 

dX^p2 (exjit) + I dXipi (exjlt) {x,y,t,VR,X) 
o Jo 

it (^fl' vi)E{x, y, t, I/, -2i^R)fi+{x, y, t, ~vr, vi) 
it {^R^ vi)E{x, y, t, ly, -2vR)^it{x, y, t, -vr, vi) 
l2{^R^i^i)E{^,y^'t^v, -2iyR)fJ'i{x,y,t, ~vr,vi) 
1i{vr, vi)E{x, y, t, V, -2vr)^i~ (.t, y, t, -vr, vi). (3.80) 



Using the transformation 



A „ J ^ ~ 

VR + - ^ vr and - = i//. 



2 2 

the second and the third terms on the RHS of equation p.80p become 



(3.81) 



^ / dvR 

ITT 



00 Vr 



dvj 



dOfi i dOi 



X2{vR - vi,2vi) 
vr-vi -k 

XijvR " vi,2i'i) 
ur — i>i — k 



ex{x,y,t,i>R - i>/, 2i>/)^J(x, y, -z>fl,, ii>/) 
e\{x,y,t,i'R - i'i,2vi)^it{x,y,t,~VR,wi). 
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Moreover, letting j>/ = —iui, we find 

A 



A 

1 




Figure 3.2: The regions of integration under the transformation p.Sip . 



1 r ^~ X2{i>R + ii>i,-2iui) , , - ^ - o- N +r , - ~ ^ 
-/ dvB. avi — —z ; ex(x,y,t,UR + iui,-2iui)fj,2(x,y,t,-UR,iyi) 

J-oo Jo '^R +ivi -k 

/ duR I dui — — : ; ex{x,y,t,VR + ivi,-2ivi)^.^{x,y,t,-VR,vi). 

Jo Ji,yR VR + ivi-k 

The definitions ([OI)) and ((3:66| imply 

e\(x,y,t,i>ii + ii>i,-2ivi) ^ E{x,y,t,£'ii + ii>i, ~2£'r). 

Replacing the tilde by the hat and letting i> = vj^ + ivj, we can write the second 
and the third term as follows: 

-/ di)ji dvi- -X2{v,-'^wi)E{x,y,t,v,-2i'ii)^i^{x,y,t,-vii,vi) 

dvR I dvi- rXi{v^~'^ivi)E{x,y,t,i',-2vpi)iiri{x,y,t,-VR,vi). 

(3.82) 



TT 



The same transformations applied on the fourth and the fifth term on the RHS of 
equation (|3.80p yield 



dOR / di'i- -^j2{v,-'2,iui)E{x,y,t,}),-2i'R)^i^{x,y,t,~VR,vi) 

J-oo JiuR ^ - 1^ 

2 /-oo I'il'R ^ 



dvR I dvi -■tl:i{v,~2ivi)E{x,y,t,v,-2vii)iq{x,y,t,-vji,vi). 

Jo Jo V ~ K 

(3.83) 

Dropping the hats and inserting equations p.82p and p.83p into equation (|3.80p . 
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we conclude that 



1 f'^^ii dvi 
1 + -/ dvR I ^—X2{v,-2ivi)E{x,y,t,v,-2vR)^^{x,y,t,-VR,vi) 



TT ./ „ ./o ^ 

dvR / YXi{v,~'^^vi)E{x,y,t,v,-2vR)n"[{x,y,t,-VR,vi) 



Jo Jii^a 

1 f° , r'°° dvi 



dvR / Tip2{v,-'2wi)E{x,y,t,v,-2vR)^i^{x,y,t,-VR,vj) 



/ dvR / ^—il)i{v,~2ivi)E{x,y,t,v,-2vR)iJ."[{x,y,t,-VR,vi) 

I" JO Jo V — K 

poo roc 

+ -/ di^R ^—-it{vR,vi)E{x,y,t,v,-2vR)^'l{x,y,t,-VR,vi) 

""jo jo V ~ h 

/ di^H / '-j^^{vR,vi)E{x,y,t,v,-2vR)i4{x,y,t,-VR,vi) 

+ -/ di^R '-r"f2{vR,vi)E{x,y,t,v,-2vR)^^{x,y,t,~VR,vi) 

JO J -oo ~ K 

1 /"^ dvi 
/ dvR / {vR,i'i)E{x,y,t,v,-2vR)^i^{x,y,t,-VR,vi). (3.84) 

J-oo J-oo — ft^ 

Proposition 3.5. Assume that q{x,y,t) satisfies an IB V problem for the KPII 
equation (|1.4p with given initial condition q(x,y,0) = qo{x,y). Let 

q{x, 0, t) = g{x, t), qy{x, 0, t) = h{x, t). 

Assume that the following global relation is valid: 

" r dve-"^+'^'+''^''qo{^,v)pJ - Hdi r dTe-"^-*"^'"+""+''="^^H{^,T,k,l)^- 

oo Jo J-oo Jo 

/ rf^e-"«+'('+^'='''-*"'' +^"+=*''''*g(e,7?,i)M7, j = 1,2, k e C, l{l + 2kR) < 0, 

-oo Jo 

where fij are bounded yk G C, pj , <j)~ are defined by equations (j3.74p . p.75p and 
H is given by p.6p . i.e. fiy 

iJ(a;, fc, /) = 3 g^{x, t) - 2i{l + k)g{x, t) - d~^h{x, t) 

Given qo{x,y), g{x,t) and h{x,t), define the functions ^^2{^Ri^i) 

itikR, ki) = PtikR, ki), kR <0,ki> 0, 

liikR, kj) = (3^{kR,ki) - a^{kR, kj), kR <0, ki < 0, 

J+{kR, kl) = l3+{kR, kl), kR >Q,ki> 0, 

^2ikR, kl) = l32ikR,ki) - a^ikR, kj), kR>0,ki<0 
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where the functions 2i^R-< /^i^2(^fli ^i) '^^^ given by 

-1 /.oo i-T 

1 /'OO nOO 

1 /-OO 2 2 

Assume that the following systems of Volterra integral equations have a unique so- 
lution for the functions xi,2(fcfl,A) and ipi^2(kR,\) respectively: 

X2{kR,X)~ / dlx2{kR,l)r2{kR,l,-2kR- X) 



/OO 
dlxi{kR,l)ri{kR,X,-2kR- X) ^Pi{kR,-2kR- X), kR<0, A < 0, 

— '2hfi — A 

dlx2{kR, l)r2{kR, I, -2kR - A) 

-OO 

dlxi{kR,l)ri{kR,l,-2kR- X) ^ Pi{kR,^2kR- X), kR<0, X>-2kR 

A 

and 

i>2{kR,X)+ / dlil;2{kR,l)r2{kR,l,-2kR- X) 

J —OO 

p-2kft-X 

+ dlMkRj)ri{kR,X,-2kR~ X)=pi{kR,-2kR- X), fc/j > 0, A < -2fcij, 

Jo 

/-~'2h fj ~ X 
dlip2{kR, l)r2{kR, I, ~2kR - A) 
'OO 

+ [ dlyJiikR,l)ri{kR,l,-2kR- X) ^piikR,-2kR- X), kR>0, X>0, 
Jo 



where 

r,{kR,XJ) = — dd dr?e-^'«+'('+2'^-«)'' go (expt) i^,V,kR,X), X > -2kR, 



2tt 



-OO Jo 



-1 /"OO pOO 

r2{kR,X,l) = — / d^ I dr;e-^'«+'('+^'^-«)''go(e,^7) (capJ) (e,»;,fcfl,A), A > 0, 



OO Jo 
T 



-I /"OO /> J 



-OO Jo 



anrf is given by equation p.70p . 

Given {xi.2, V'i.2, 7i^2}j define ji as the solution of equation p.84p . where 



^{x,y,t,kR,ki) = < 



^l{x,y,t,kR,ki), kR<0, fc/ > 0, 

ii^[x,y,t,kR,ki), kR<0,ki<0, 

fi2ix, y,t,kR,ki), fcij > 0, fc/ < 0, 

^:^{x,y,t,kR,ki), fcfl > 0, fc/ > 0, 
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and assume that equation (j3.84p has a unique solution. 
Define q{x, y, t) by 



q{x, y, t) — — 2i lim 



Then q{x,y,t) solves the KPII equation (|1.4I 



Remark 3.1 By differentiating equation p.84|) with respect to x we can write 
an integral representation for the solution q: 



dvR / dviX2{v,~2ivi) \ E{x,y,t,u,-2vii)ii^{x,y,t,-VR,vi) 





-oo Jo 

/•oo f^ioo I \ 

+ / dvR \ dvixi{v,-2ivi)\E{x,y,t,v,-2vR)p.X{x,y,t,~VR,vi)\ 
Jo J^.n V 

p-ioo I N 

dvR / dvi-\l;2(y,-2ivi)\E{x,y,t,v,-2vR)[L2{x,y,t,~VR,vi) 

-OO J iUpt y y 

+ j dvR j dvi%l;i{v,~2ivi)\E{x,y,t,v,-2vR)^i^{x,y,t,~VR,vi)\ 

OO /'OO / \ 

dvR j dvi 7^ {vR, vi) { E{x, y, t, v, -2vr)ii"[{x, y, t, ~vr, vi) \ 
+ j dvR j dvi^f{vR,ui){E{x,y,t,v,-2vR)^'^{x,y,t,-VR,vi)\ 



dvR / dvj 72 {vr, Vi) E{x, y, t, v, -2vr)^i^ {x, y, t, -vr, vi) 



+ / dvR / dvi 7i {vR, vi) E{x, y, t, v, -2vr)^2 (x, y, t, -vr, vi) 

OG J —CO \ j 



Remark 3.2 (The case of zero initial condition) 

Consider the special case qo{x,y) = 0. Then, equations p.45ap - (|3.46b|) imply 
that the functions xi.2 and -01^2 are given explicitly by 

X2{kR, A) = Xi{kR, A) = ip2{kR, A) = ipi{kR, A) = pi{kR, ~2kR ~ A), 



with pi defined by equation p.49p . 

Also, equations p.30p and p.32p yield 

PtikR,ki)=P^{kR,ki)=0, 

thus, according to equations p.25p - p.28p : 

it (kR, ki) = 7^ {kR, ki) = 

and 

li{kR,ki) = -a^{kR,ki), j2{kR,ki) = -o^ikR.ki), 
where are defined by equations p.29p and p.3ip . 
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Hence, equation (j3.84p for fi becomes significantly simpler, i.e. 
fi{x,y,t,kji,ki) = 

f + -/ di^R ^—pi{v,-2vR)E{x,y,t,v,-2vR)i4{x,y,t,~VR,vi) 



TTJ-oo Jo 



I r°° di^i ^ ^ ^ , , , 

avR. / --pi{v,~2vR)E{x,y,t,v,-2vR)^{{x,y,t,-VR,vi) 



Jo Jiyn. 



'^^R / 7 ;:Pi(j^,-2i/j^)£'(a;,y,i,i/,-2i^7^)/i+(x,y,i,-i/fl,i//) 



— oo J IV a ^ ^ 



- / dvR / ^—pi{v,-2vR)E{x,y,t,v,-2vR)^'l{x,y,t,~VR,vi) 

TT Jo Jo V - k 

dvR / ^ a:^. i'^Ri vi)E{x, y, t, '~2vr)iiI [x, y, t, ~vr, vj) 



TT 







f /■° f" dvi _^ , , , 
+ - / di^R Y [vR, vi)E{x, y, t, v, ~2vr)^.2 [x, y, t, -vr, vj), 

where E{x,y,t,k,l) = e»'^-Ki+2fc)a+4«i(''+3fei+3/=')t^ ^he fmictions pi and aj"_2 are 
given by 

-1 noo pT 

Pi{kR,l) = — / dd dTe-^'^-^'^^''+'''-'+'''--^^H{^,T,kR,l)cl,^{^,T,kR,Q), 



2tt 



oo Jo 



-1 poc pT 

a^ikR,ki) - — / dU dre2"=««+8'^«('=H-3'^?)-iJ(^,r,fc,-2fcfl)'/'r(C:^,Afl:fc/), 
(fcfl, ki)^— dU dr e^^'^-^+^^'^-('^l-^'^> HiC, r, k, ~2kR)c^- (C, r, fc^, kj) 

^TT J„oo Jo 

and (/)j~2 are defined by equations p.75|) . 

3.5 The linear limit 

Suppose now that q is small, i.e. let 

q{x,y,t)=^eu{x,y,t) + 0{e'^), e ^ 0. 

Then, the 0{e) term of the nonlinear KPII equation (|1.4p yields a linear equation 
which, as expected, is the linearised KP equation: 

Ut + UXXX + Sdx^Uyy = 0. 

The following integral representation of the solution of an IBV problem was derived 
in section [2j 

rO \ roo poo roo 

duR— I duR) I dui / / d'qE{x ~ - r),t,v,~2uR)vRUo 



2 


(f 




roo 

I duR 






roo 

1 duR 




where 





oo JO 



(3.85) 

Mo(a;, y) = y, 0), v{x,t) = u{x,Q,t), w{x,t) = Uy{x,0,t). 
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For the nonlinear problem, equations (|3.3I) and p.4p suggest that, in the linear 
limit, /i = 1 + 0(e). 

Moreover, equations (P^TT)) . ((H^ and imply that 

'^2=0(e), r^^Oie), Pi = 0(e), 

and then, equations (|3.45aP and p.45bp suggest that X2 = 0(e) and xi = 0(e). 
In fact, we can write 

A* = 1 + eJ\/ + 0(e2), pi = ePi + 0(e2), X2 = £^^2 + 0(e2), xi = e^i + 0(e2), 

for some functions M, Pi, X2 and Xi, independent of e. Then, equation p.49p 
yields 

Pi{kR, = d^l^ dTE{-^, 0, -r, Z) 3 [«e(C, T)-2i(Z+fcH)«(e, T)-d^'w{^, r)] . 

Integrating by parts, we find 

Pi{kRj) = — J dij^ dT£;(-e,0,-T,fc^,Z)3|^-i(/ + 2fcfl)«(C,T)-5-iii;(C,T)J, 

therefore, equations p.45a|) and (j3.45bp yield 

X2(fcfl,A) =Xi(fcfl,A) = Pi(fc«,-2fcfl-A). (3.86) 
A similar analysis for -01 and ip2 implies 

*2(fcfl, A) = *i(fc^. A) = Pi{kR, -2kn - A). 
Furthermore, equations p.29p - p.32p suggest that — ^ and — B, where 

B{kn,kj) = —J d^J^ dT]E{-^,-7^,0,k,-2kR)uo{^,r]), (3.87) 

2klvi^,T)~d^'wi^,T) 



A{kR,ki) = ^ I d^ [ rfr£;(-e,0,-r,fc,-2fcfl)3 



(3.88) 



Hence it follows from the definitions p.25p and p.27p that 7^^ = 7^ and "f-^ = 72 
Then, the 0(e) term of equation p.84p yields 



M 



dVR 

-00 Jo 



dvi 



00 />?oo 



dvT 



dvi 



1 



dvR / dvj 



dvR I dvi — / dvR / dvi 



V — k 
1 



dvR / dvj 



v — k 
1 



V — k 



E{x, y, t, ly, -~2v[i)Pi {v, ~2vr) 
E{x, y, t, V, -2vFi)B(vR, vi) 
E{x, y, t, I/, -2vr)A{vr, vi). 



(3.89) 



Employing the formulae p.86p . (|3.87p and (|3.88p into equation p.89p . and using 
the definition 



u(x,y^t) ~ — 2i lim 

A;—)- 00 



kM^{x,y,t,kR,ki) 



we recover the expression p.85p . 
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4 Conclusion 



It is shown in that there exists a much simpler derivation for the integral repre- 
sentation of q for the linearised KPII equation than the one presented in section [5] 
However, this simpler approach cannot be "nonlinearised" . On the other hand, the 
approach presented in section [2] contains all necessary conceptual steps needed for 
the solution of KPII. However, the analysis of KPII is technically quite involved. In 
particular, in order to formulate proposition p.Sp , it is necessary to compute both 
the d-bar derivatives dfxf/dk and the jumps — ^~), j — 1,2; the latter com- 
putation is quite complicated, as was also the case for the analogous computation 
is DSH [T]. 

We note that an additional novelty of the IBV problems in 2-f-l, as opposed to 
IBV problems in 1-1-1, is that now the global relation plays an even more important 
role. Namely, it is necessary in order to express the jumps of n across the real fc-axis 
in terms of the initial and the boundary values. 

Several problems remain open, in particular: 

1. For a well posed problem, either g ot h are prescribed as boundary conditions; 
on the other hand, the solution obtained in proposition 13 . 51 depends on both g 
and h. Thus, in order for this solution to be effective it is necessary to use the 
global relation to eliminate the unknown boundary value. For the linearised 
KPII, this is achieved in [TT]; the analogous problem for the KPII remains 
open. In this connection we note that until recently, for problems in 1-1-1, 
it was not possible to express the spectral functions directly in terms of the 
given boundary conditions, but it was necessary to first obtain the unknown 
boundary values , i.e. to determine the so-called Dirichlet to Neumann map 
(see [l3j-[15]). However, in a recent breakthrough, it has been shown that 
for the nonlinear Schrodinger (NLS) equation on the half-line it is possible 
to express the spectral functions directly in terms of the given initial and 
boundary conditions. The question of whether this new approach can be 
extended to equations in 2-1-1 remains open. 

2. For the initial-value problem of the KPII, the linear integral equation analo- 
gous to p.84p admits a unique solution for ^ for real initial conditions. This 
is due to the existence of a so-called "vanishing lemma" , which is based on the 
theory of generalised analytic functions of Vekua. The question of whether 
there exists an analogous result for equation (j3.84p remains open. 

3. The spectral functions are defined in terms of linear integral equations. The 
question of existence and uniqueness for these equations remains open. Ac- 
tually, it is expected that these equations do possess homogeneous solutions 
which will give rise to coherent structures. 

4. In spite of the fact that the representation of q involves both g and h, it should 
still be possible to obtain effective formulae for the large t asymptotics of the 
solution, (for equations in 1-1-1 this has been achieved by the Deift-Zhou 
approach [16], [17] ) 

5. The new method is particularly effective for a class of boundary conditions 
called linearisable. In this case, it is possible to express the spectral functions 
directly in terms of the given initial and boundary conditions using only al- 
gebraic manipulations, see for example jl8j-|23]. The question of identifying 
lineasablc boundary conditions for the KPII remains open. 

6. For KPII the formalism presented here involves the crucial assumption that 
several linear integral equations have a unique solution. In spite of the fact 
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that these equations are of Fredholm type, it is not difficult to establish unique- 
ness under the assumption of sufficiently "small data" . However, the elimina- 
tion of the "small norm" assumption is a formidable task (see also remark 3 
above) . 
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